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INTRODUCTION 


Analysis is the branch of mathematics that deals with 
inequalities and limits. The present course deals with the most basic 
concepts in analysis. The goal of the course is to acquaint the reader 
with rigorous proofs in analysis and also to set a firm foundation for 


calculus of one variable. 


Calculus has prepared you, the student, for using 
mathematics without telling you why what you learned is true. To 
use, or teach, mathematics effectively, you cannot simply know what 
is true, you must know why it is true. This course shows you why 
calculus is true. It is here to give you a good understanding of the 
concept of a limit, the derivative, and the integral. Let us use an 


analogy. 


We start with a discussion of the real number system, most 
importantly its completeness property, which is the basis for all that 
comes after. We then discuss the simplest form of a limit, the limit of 
a sequence. Afterwards, we study functions of one variable, 
continuity, and the derivative. Next, we define the Riemann integral 
and prove the fundamental theorem of calculus. We discuss 
sequences of functions and the interchange of limits. Finally, we give 


an introduction to metric spaces. 


The term real analysis is a little bit of a misnomer. I prefer to 
use simply analysis. The other type of analysis, complex analysis, 
really builds up on the present material, rather than being distinct. 
Furthermore, a more advanced course on real analysis would talk 
about complex numbers often. I suspect the nomenclature is 


historical baggage. 
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1.0 INTRODUCTION 


In this chapter we introduce concepts which we need in the 
sequel. 


1.1 OBJECTIVE 


After going through this unit, you will be able to: 


e Understand what is meant by sets and functions. 
e Discuss intervals in R. 
e Describe countable and uncountable sets. 


1.2 SETS AND FUNCTIONS 


The concepts of sets and functions are indispensable to 
almost all branches of pure mathematics. The usual material of 
elementary set theory is so current that we take it for granted. We 
freely use the following notations of set theory. 
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(i) A is a subset of B written as A & B. 
(ii) Union of two sets A and B written as A U B. 


(iii) Intersection of two sets A and B written as AN B. 

(iv) Complement of subset of A of X written as A°. 

(v) Difference of two sets A and B written as A — B. 

(vi) Cartesian product of two sets A and B written as A x B. 

(vii) A function f a set A to a set B written as f: A > B. 

(viii) The empty set which contains no elements is denoted 
by ®. 


Certain letters are reserved to denote particular sets which 

occur often in our discussion. They are 

N, the set of all natural numbers. 

Z, the set of all integers. 

Q, the set of all rational numbers. 

Q*, the set of all positive rational numbers. 

R, the set of all real numbers. 

R”, the set of all ordered n-tuples (x1, x2, ...,X,) of real 
numbers. 

C, the set of all complex numbers. 

C”, the set of all ordered n-tuples (x1, x2, ...,X,) of complex 
numbers. 

The concept of union and intersection can be extended to any 
collection of sets. Let J be a nonempty set. For each ie J, let A; be a set. 
Then we say that {A;: ie I} is a family of sets indexed by the set /. 

We define Uie Aj = {x: xe Ajfor atleast one ie I} and 

Nie Ai = {x: xe Aj for all ie I}. 

Example 1. For each ieN. Let A; = {i,i+1,...,i+n,...}. Therefore, 
A, = {1,2, ... } A2 = {2,3,..};... Then {A;:ie N} is a family of sets 
indexed by N. Here Ujey A; = {1,2,..., 0, ... } = Nand Nien Aj = ®. 
Note 1. Uien A; is also written as U?2y Aj and Nien Aj as Nien Ai- 
Note 2. The distributive laws for union and intersection and De 
Morgan’s laws for finite number of sets can be generalized to any 
collection of sets as follows. 

(i) Wien Ai)* = Nien Ai. 

(ii) (Nien Ai)® = Uien AF- 


(ii) AN (Uien Bi) = Uien(A N Bi). 
(iv) AU (Nien Bi) = Nien (A U Bi). 
1.2.1 INTERVALS IN R 


Let a, be Randa < b. Then 


(i) (a,b) = {x/xe Randa < x < b} is a called the open 
interval with a and b as end points. 


(ii) [a,b] = {x /xe Rand a < x < b} isa called the closed 
interval with a and b as end points. 

(iii) (a,b] = {x/xe Randa < x < b}isa called the open- 
closed interval with a and b as end points. 

(iv) [a,b) = {x/xe Randa < x < b}isa called the closed- 
open interval with a and b as end points. 

(v)  [a,) = {x/xe Rand x =a}. 

(vi) (a,c) = {x/xe Rand x > a}. 

(vii) (—œ,a] = {x/xe Rand x < a}. 

(viii) (—œ,a) = {x/xe Rand x < a}. 

(ix) (=%,%) = R. 


Any subset of R which is one of the above forms is called an 
interval. Any interval of the form (i),(ii),(iii) or (iv) is called a finite 
interval or bounded interval and any interval of the form (v), (vi), 
(vii), (viii) or (ix) is called an infinite interval or an unbounded 
interval. 


The singleton set {a} is considered to be a degenerated closed 
interval [a, a]. 


1.3 COUNTABLE SETS 


In this section we introduce the notation of countability and 
uncountability of a set. If a set A is finite then we can actually count 
the number of elements in this set. In other words we can label the 
elements of A by using the natural number 1,2,...,n for some n and 
the number of elements in this set A in n. 

In this case there exists a bijection from A to B are two 

finite sets having the same number of elements, then there exists a 
bijection from A to B. 
Definition. Two sets A and B are said to be equivalent if there exists a 
bijection f from A to B. 
Note. From what we have seen above, two finite sets A and Bare 
equivalent iff they have the same number of elements. Hence a finite 
set cannot be equivalent to a proper subset of itself. However, the 
infinite set can be equivalent to a proper subset as seen in the 
following examples. 
Example 1. Let A = N and B = {2,4,6, ...,2n, ... }. 

Then f:A > B defined by f(n) = 2n is a bijection. Hence A 
is equivalent to B even though A has actually ‘more’ elements than B. 
Definition. A set A is set to be countably infinite if A is equivalent to 
the set of natural numbers N. 


A is said to be countable if it is finite or countably infinite. 


Sets and functions 


NOTES 


Self-Instructional material 


Sets and functions 


NOTES 


Self-Instructional material 


Note. Let A be a countably infinite set. Then there is a bijection f from 
N to A. Let f(1) = ay, f(2) = az, ..., f (n) = ay, .... Then 


A = {d}, Qz, ..., Ans -= }- 
Thus all the elements of A can be labeled by using the elements of N. 


Example 1. {2,4,6, ...,2n, ... } is a countable set. 
Example 2. Z is countable (refer example 2). 
Theorem 1. A subset of a countable setis countable. 
Proof. Let A be a countable set and let B & A. 


If A or B is finite, then obviously B is countable. 
Hence let A and B be both infinite. 


Since A is countably infinite, we can write A = 
£555; eg An, on Let an, be the first element in A such that 
An, € B. Let ay, be the second element in A which follows an, 
such that ay, € B. 


Proceeding like this we get A = {ae paint }. Thus all 
the elements of B can be labelled by using the elements of N. 
Hence B is countable. 


Theorem 2. Q* is countable. 


Proof. Take all positive rational numbers whose numerator 
and denominator add up to 2. We have only one number 


1 
namely T 


Next we take all positive rational numbers whose numerator 
and denominator add up to 3. We have - and =, 

Next we take all positive rational numbers whose numerator 
and denominator add up to 4. We have =, - and =. 


Proceeding like this, we can list all the positive rational 
numbers together from the beginning omitting those which are 


already listed. 


2 1 J 2-3 2 
Thus we obtain the set (14,2, 3,5) TERT This set 


contains every positive rational number each occurring exactly once. 
Thus Q* is countable. 


Theorem 3. Q is countable. 
Proof. We know that Q is countable. Let Q* = {r}, T2, n., fp =} 


Therefore, Q = {0,+7,,+1%,..., 1%, ... }. 


Let f:N->Q be defined by f(1)=0,f(2n)=n, and 
f(@n+1) =—%. 


Clearly, f is a bijection and hence Q is countable. 


Theorem 4. N x N is countable. 
Proof. N x N = {(a,b)|a,b € N}. 


Take all ordered pairs (a, b) such that a + b = 2. 
There is only one such pair namely (1,1). 

Next take all ordered pairs (a, b) such that a + b = 3. 
We have (1,2) and (2,1). 

Next take all ordered pair (a, b) such thata + b = 4. 
We have (3,1), (2,2) and (1,3). 


Proceeding like this and listing all the ordered pairs together 
from the beginning, we get the set 
{(1,1), (1,2), (2,1), (3,1), (2,2), (1,3),...}. This set contains every 
ordered pair belonging to N x N exactly once. 


Thus N x N is countable. 


Theorem 5. If A and B are countable sets then A x B is also countable. 
Proof. We assume that A and B are countably infinite. 


Let A = {đ4, Q2, ian an, wed B = {b1, bz, ting Dynes }- 
Now define f:N x N > A x B by f(i,j) = (a; bj). 
We claim that f is a bijection. 
Suppose x = (p,q) € N x Nand y = (u,v) € N XN. 
Now, 
fmM=fo)= (ap, bq) = (aw by) 
=> Ay = by, aq = by 
=>p=vandq=v 
=x = ¥. 
~ fis 1-1. 
Now, suppose (am, an) E AX B. 
Then (m,n) € N x Nand f(m,n) = (ay, an). 
Therefore, f is onto. Hence f is a bijection. 
Hence A x B is equivalent to N x N which 
is countable. (refer Theorem 4) 
Hence A x B is countable. 
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Theorem 6. Let A be a countably infinite set and f be a mapping of A 
onto a set B. Then B is countable. 


Proof. Let A be a countably infinite set and f: A > B be an onto map. 


Let b E B. Since f is onto, there exist at least one pre-image 
for b. Choose one element a E A such that f(a) = b. 


Now, define g:B > A by g(b) = a. 
Clearly, gis 1—1. 
Therefore, B is equivalent to a subset of the countable set A. 


Therefore, B is countable. (by theorem 1) 
Theorem 7. Countable union of countable sets is countable. 
Proof. Let S = {A, A3,...,An,...} be a countable family of countable 
sets. 
Case (i) Let each A; be countably infinite. 
Let Ay = {@41,@12, -s Qin =} 


Az = {@o1, a22, ny Arn, ae 


An = {ain lin eg Ann -= } 


Now we define a map f: N x N > U A, by f (ij) = aij. 
Clearly f is onto. 
Also by theorem 4, N x N is countably infinite. 
Hence by theorem 6, U A,, is countably infinite. 
Case (ii) Let each A; be countable. 


For each i choose a set B; such that B; is a countably 
infinite set and A; © Bi. 


Now, U Aj Cc U Bj. 
Now, U B; is countable (by case (i)). 


Therefore, U A; is countable. (theorem 1). 


Problem 1. Any countable infinite set is equivalent to a proper subset 
of itself. 
Solution. Let A be a countably infinite set. 

Hence A = {q}, dz, «.., An, «»- }- 

Let B = (5, a3, ..., Ans =} 


Clearly B is a proper subset of A. 
Define a map f: A > B by f (an) = an+1- 


Clearly f is a bijection. Hence A is equivalent to B. 
Problem 2. Any infinite set contains a countably infinite subset. 
Solution. Let A be an infinite set. 
Choose any element a, E A. 
Now, since A is infinite set, we can choose another element, 
a, E A — {a}. 


Now, suppose we have chosen a4, a3, ... , an from A. 
Since A is infinite, A — {a,, a, ..., An} is also infinite. 
.. We can choose ap+1 from A — {@j, Qo, ..., Ay}. 


Now, B = {a4, Q3, «.., An, An41, +. } is countably infinite subset of A. 


Problem 3. Any infinite set is equivalent to a proper subset of itself. 
Solution. Let A be an infinite set. 

By problem 2 above, A contains a countably infinite 
subset B = {a3, Q3, Nip An, =}. 

Clearly A = (A — B) U {a3, a3, ..., An, .. } = A — {ay}. 


Clearly C is a proper subset of A. 


Consider the function f:A > C defined by f(x) = x if 
x E A — Band f (an) = ant. 


Obviously f is a bijection. Hence A is equivalent to C. 


1.4 UNCOUNTABLE SETS 


Definition. A set which is not countable is called uncountable. All 
the infinite sets we have considered in the previous section are 
countable.We shall now give an example of an uncountable set. 


Theorem 8. (0,1] is uncountable. 


Proof. Every real number in (0,1] can be written uniquely as a non- 
terminating decimal 0.a,a,...a,... where 0<a; <9 for each i 


Sets and functions 


NOTES 


Self-Instructional material 


Sets and functions 


NOTES 


Self-Instructional material 


subject to the following restriction that any terminating decimal 
. Q13 ...a,000 ... is written as .a,Q2...(a, — 1)999... 


For example .54 = .53999 .... 
1= .999.... 
Suppose (0,1] is countable. 


Then the elements of (0,1] can be listed as 
{X1,X2, Xp, .. } where 


xy =. A411412 TA Ain TA 


X2 =. a21422 ie An ven 


Xn =. Ainin ie Ann aan 


Now, for each positive integer n choose an interger b, 


such that 0 < b, < 9 and b, + 0 and by, # Amn. 
Let y =. bybzb3... 
Clearly y € (0,1]. 
Also y is different from each x; at least in the i th place. 
Hence y # x; for each i which is a contradiction. 
Hence (0,1] is uncountable. 


Corollary 1. Any subset A of R which contains (0,1] is uncountable. 


Proof. Suppose A is uncountable. 


Therefore, by theorem 1 any subset of A is countable. 
Hence we get (0,1] is countable which is a contradiction.Therefore, A 


is uncountable. 


Corollary 2. The set S of irrational numbers is uncountable. 
Proof. Suppose S is countable. 
We know Q is countable. 


Therefore, SUQ=R is countable which is a 
contradiction. (by corollary 1). Therefore, S is uncountable. 


1.5 INEQUALITIES OF HOLDER AND 
MINKOWSKI 


Theorem 9 (Holder’s Inequality). If p > 1 and q is such that : + =1 


then 


1/4 


n n 1/ n 
Yesi <D ier] Swel 
i=1 i=1 i=1 


where Qj, Q2,...,@,, and bj, bo, ... bn are real numbers. 


Proof. First we prove the inequality 
x /py'/q < - + where x2O0andy2=0. 


Now, let x,y > 0. Consider f (t) = t* — At +A — 1 where 
A= “and t > 0. 

Then f'(t) =Aat*-1*-A=A(t*"1— 1). 

„J= A) =o: 

Also f'(t) > 0 for0 <t <1and f’(t) < Ofort > 1. 


~ f(t) < 0 forall t = 0 and in particular f (=) < 0. 


i x\'/p 1 (x 1 
(2) = (tist 


Pp \y 


Multiplying by y we get x /py(t-"/p) = — (1 = 2) y <0. 
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s x /py(-*/p) —=-2<0, (since 1-— 7 = ). 


P q 


1 1 
x Py E 


Now to prove Holder’s inequality, we apply the above 


|p 
inequality to the numbersx; = il ; yj 
Ziz lail? 
J=1,2,...,n 
We get 
|a;|[bj| xj 


1 
[em lai P] PIEL |b |] /4 P 
for all j = 1,2, ...,n 


Adding these n inequalities we get 


£ ale ` 
D -1 lai py / Pye -1 lbi a] / ea 


y 1 
Now, j= (2+4)=- j=1% +7 SNA 1j 


1 1 : 
=a + F (since Èj- X = Èj- y; = 


=1. 


|b,\4 


S oja for each 
Yj 
q 
=) (1) 
1) 


Using this in (1) we get Y%,la;|[b;| < [6% la; P1 PEt lb; [71/4 


m lable (0% la; (PY Les |b; [21/4 


Note. If we put p = 2 = q in Holder’s inequality we get the following 


inequality which is known as Cauchy-Schwarz inequality. 


n n 1/ n + 
> labil < Siar Erel 
i=1 i=1 i=1 


Theorem 10. (Minkowski’s Inequality) 


1 1 1 
If p21, [Xh la +b?) < [$h la P] PIE lbi] P, where 


1, Az, ..., An and bj, bz, ... by, are real numbers. 


Proof. This inequality is trivial when p = 1. Let p > 1. 


Clearly, 
n fy n Vy 
> latbi?| < [Z esn (1) 
i=1 i=1 
Now, a (lail+1bil)? = LP Cail +1bil)?-2 (laid + Ibi 


n n 
=) Jail Cail+1bi)?* + bil > alto: 
i=1 i=1 


n Vor n t/q 
< > a [S amne] 
i=1 


i=1 


n fy n 
bir | card 
2h 2 


Where : + = 1. (using Holder’s inequality). 


1/4 
+ 


Now, since a 7 = 1. we have p + q = pq. 


Hence (p — 1)q = p. 


~ Dividing by [£}-4(la;|+b;1)”]4 we get 


n 1-1/4 n Vy n /p 
[> aean < > a| +Y bP 
i=1 i=1 i=1 
n fy n 1/y n Ih, 
s (ast? < | Ja} + br 
» yer Bel o 


From (1) and (2) we get the required inequality. 
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CHECK YOUR PROGRESS 


1. Show that N is equivalent to Z. 


123 
2. Prove that the set £, aii a} is countable. 


3. Show that R is uncountable. 


1.6 ANSWER TO CHECK YOUR PROGRESS 
QUESTIONS 


1. The function f: N > Z defined by 


n 
= if nis even 

fn) = 1—n 
if nis odd 


is bijection. Hence N is equivalent Z. 


2. Let A = £3, Zep The function f: N > A defined by 
f(n) = _ is a bijection. Hence A is countable. 


3. The results follows directly by taking A = Rin theorem 8. 


1.7 SUMMARY 


1. Aisa subset of B written as A € B. Union of two sets A and B 
written as A U B. Intersection of two sets A and B written as AN B. 
Complement of subset of A of X written as A‘. Difference of two sets 
A and B written as A — B. Cartesian product of two sets A and B 
written as A x B. A function f a set A toa set B written as f:A > B. 
The empty set which contains no elements is denoted by ®. 


2: Two sets A and B are said to be equivalent if there exists a 
bijection f from A to B. 

3. The concept of union and intersection can be extended to 
any collection of sets. 

4. Any subset of R which is one of the above forms is called 
an interval. 

5. Any interval of the form (a,b), [a,b], [a,b),(a,b] is 


called a finite interval or bounded interval and any interval of the 
form [a,©), (a,œ),(—œ,a], (—~œ,a), (—00,00) is called an infinite 
interval or an unbounded interval. 


6. The singleton set {a} is considered to be a degenerated 
closed interval [a, a]. 
7. A set A is set to be countably infinite if A is equivalent to 


the set of natural numbers N. 
8. Ais said to be countable if it is finite or countably infinite. 


9. Aset which is not countable is called uncountable. All 
the infinite sets we have considered in the previous section 
are countable.We shall now give an example of an 
uncountable set. 

1.8 KEYWORDS 

1. Interval: Any subset of R which is one of the above forms is 
called an interval. 

2. Open Interval: (a, b) = {x/xe Randa < x < b}. 

3. Closed Interval: [a, b] = {x/xe Randa <x < b}. 

4. Open-Closed Interval: (a, b] = {x/xe Randa < x < b}. 

5. Closed-Open Interval: [a, b) = {x/xe Randa < x < b}. 

6. Finite interval or bounded interval: Any interval of the form 
(a,b), [a, b], [a, b), (a, b] is called a finite interval or bounded 
interval. 

7. Infinite interval or an unbounded interval:Any interval of the 
form [a,°%),(a,0),(—o,a], (—o,a), (—o,00) is called an 
infinite interval or an unbounded interval. 

8. Countably Infinite : a set A is set to be countably infinite if A is 
equivalent to the set of natural numbers N. 

10. Countable: A is said to be countable if it is finite or countably 
infinite. 

11.Uncountable: A set which is not countable is called 
uncountable. 

12. Equivalent: Two sets A and B are said to be equivalent if there 
exists a bijection f from A to B. 

1.9 SELF ASSESSMENT QUESTIONS AND 


EXERCISES 


1. Let A= {1,2,3,...,n,...} and B = (1,4,9, ...,n?, ...}. Show 
that A and B are equivalent. 

2. Show that N and A = {101, 102,103, ... } are equivalent. 

3. Show that for any two sets A and B, the set A xB is 
equivalent to the set B x A. 

4. Prove that the set of all even integers is countably infinite. 

5. Prove that the set of all points (x,y) in the Euclidean 
plane with rational coefficient is countable. 

6. Prove that C is uncountable. 

7. Prove that the set of all irrational numbers lying in the 
interval (0,1] is uncountable. 
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UNIT-2 METRIC SPACES 
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2.0 Introduction 
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2.2 Definition and Examples 
2.3 Limits in Metric Spaces 
2.4 Continuous Functions on Metric Spaces 
2.5 Answer to Check Your Progress Questions 
2.6 Summary 
2.7 Key Words 


2.8 Self Assessment Questions and Exercises 


2.9 Further Readings 


2.0 INTRODUCTION 


The concept of convergence of sequences of real numbers 
depends on the absolute value of the difference between any two 
real numbers. We observe that this absolute is nothing but the 
distance between the two numbers when they are considered as 
points on the real lin. For the study of the concepts like continuity 
and convergence the algebraic properties of R are irrelevant. This 
situation necessitates the study of sets in which a reasonable 
notation of distance is defined. A set equipped with a reasonable 
concept of distance is called a metric space. In this chapter we 
develop in a systematic manner the main facts about metric spaces. 


2.1 OBJECTIVE 


After going through this unit, you will be able to: 


e Understand what is meant by metric spaces. 
e Discuss limits in metric spaces. 
e Describe continuous functions on metric spaces. 
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2.2 METRIC SPACES 


Definition. A metric space is a non-empty set M together with a 
function d: M x M > R 


Satisfying the following conditions. 
(i) d(x,y) 2 0 forall x, yin M 
(ii) d(x,y) = 0 if and only if x = y 
(iii)d(x, y) = d(x, y) for all x, y in M 
Gv)d(x,y) < d(x,z) + d(z,y) forall x,y and zin M. 


d is called a metric or distance function and d(x, y) is called the 
distance between x and y. 


Note. The metric space M with metric d is denoted by (M, d) or simply 
by M. In the previous definition (i) and (ii) are known as the non- 
negative property, (iii) as the symmetry and (iv) as the triangle 
inequality of the metric. we shall give below many examples of metric 
spaces. 


Example 1. The function d defined by d(x, y) = |x — y| is a metric for 
the set R of real numbers. With this distance function, R is a metric 
space denoted by (R, d). This metric d is called the usual metric for R. 


Proof. (i) d(x,y) = |x — y| is a non-negative real number and 
d(x,y) = 0 iff |x — y| = 0. This implies and implied by x = y. 


ii) d(x,y) = |x — yl = |- — x)| = d(y,x). 
(iii) d(x,y) = |x — y| = |x- z +z- y| < |x- z| + |z- yl. 
That is d(x,y) < d(x,z) + d(z, y). 


Example 2. If x = (x1, X2), Y = (yı, Y2) are any two points in R?, we 
can define three metrics d4, dz and d; from R? x R? into R as follows: 


di (x, y) = y 1 — y1)? + (x2 — y2)? (1) 
dz(x, y) = |x. — yıl + 1x2 — 72l (2) 
d3(x,y) = max {|x — y,|,|x2 — yal} (3) 


We shall verify that (1), (2) and (3) satisfy all the requirements 
of a metric. 


Let x = (%,x2),y = (1, Y2) and z = (z4, Z2) be any three 
points of R?. For providing (1) to be a metric, we as follows: 


(i) Since (x, — y1)? and (x, — y2)? are non-negative real numbers, 
we see that (1) is non-negative. Hence, we see that d(x,y) > 0. 

(ii) The x = y implies and is implied by x, = yı and x, = y, so that 
d(x,y) = 0. Hence d(x,y) = 0 if and only if x = y. 

(iii) d(x,y) = y (%1 — y1)? + 2 — y2) = 
V1 — x1)? + 2 — x2)? = dy, x) 


Hence, we have d(x, y) = d(y, x). 


G) d(x, y) = V G1 — 1)? + (x2 — y2)? = 


(x1 By + Z1 — y1)? + (x2 — Z2+22 — y2)” 


Ifa, = (x1 — z1), bı = (z1 — y1), a2 = (x2 — Z2) and 


by = (z3 — yz), we have d(x,y) = 4 (a + b1)? + (az + b2)?. 


By applying Minkowski’s inequality, we get 


y (a, + by)? + (az + b2)? < y (a1? + a2?) + Joi + by”). 


Substituting for a4, az , b4 and bz, we get d(x,y) < d(x,z) + 
d(z, y). Which proves the triangle inequality. 


In the case of (2), we proceed as follows: 


(i) Since |x, — y,| > 0 and |x — y2| > 0, it follows that 
dz (x,y) = |x, — yil + [x2 — y2| > 0. 

(ii) The x = y implies and is implied by (x1, x2) = (1, Y2) so that 
xı = yı and x = yz. Hence |x, — y,| = 0. Hence |x, — y2| = 0. 
From this, we get |x, — y,| + |x2 — y2| = 0 which proves that 
d(x,y) = 0 if and only if x = y. 

Gii) dz(x, y) = |x, — yil + [x2 — yal 
d(x,y) = yi — xıl + [y2 — x2| = doy, x). 
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(iv) d(x, y) = |x = yil + [x2 — vol = [x1 = z1 + zı — val + |x2 — 
Z2+2Z2 — y2l. 
NOTES By using the property of the absolute value function, 
d(x,y) S |x — z| + |z — val + [x2 — 22| + |z2 — y2l 
= |x, — z| + [x2 — z2| + 121 — 114122 — 72| 
= d(x,z) + d(z,y). 
Hence, we have d(x,y) < d(x,z) + d (z, y). 


To verify (3) to be a metric, first note that by max {|x, — 
Yı | |x2 — y2|}, we mean the greater of the two numbers |x; — y4 | 


and |x2 — y2l. 
(i) Since |x, — y,| and |x. — y2| are non-negative numbers, 
max {|x1 — yıl, |x2 — y2|}>0 
so that d3(x, y) > 0. 


(ii) x = y implies and is implied by x, = y, and x, = y, so that 
|x; — y,| = Oand |x, — y2| = 0. From this, we get max {|x, — 
Yı | [x2 — y2|} = 0 if and only if x = y. 


This proves that d3(x, y) = 0 iff x = y. 


(iii) d3(x, y) = max {x1 — yıl, 1x2 — yal} = max{ly, — 
Xip [Y2 — x21} = dz Q, x). 


(iv) To verify the triangle inequality, 


d(x,y) = max {|x1 — yıl, |x2 — yal} = max {|x — 2, + zı — 
V1|, 1X2 — Z2+Z2 — Yel} 


If x, 7-4 = a4, X2 — Z: = a2, Z1 — yı = by, Z2 — y2 = bo, then 
d(x,y) = max {|a, + bıl, |a2+b2|}. 


Since the argument is similar to the contrary case, let us 
assume that |a,| < |a2|,]b;| < |b2| and also 


max{|a, + b,|, |a2+b2|} = |a2+bo|. 
Now, max {|a,|, |a2|} = |az| and max {|b,|,|b2|} = bl. 


Hence, |a; + by| < la| + |bi| < laz| + [bel 
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So max{|a; + bıl, |a,+b2|} = |az|+|b2| < max tay], lag] + 
max {|b,|,|b2} 


Therefore, d3(x,y) < d3(x,z) + d3(z, y) which proves the 
triangle inequality. 


Example 3. On any non-empty set M we define d as follows 


_f0ifx=y 
dey) = {hire ay 


Then d is a metric on M. This is called the discrete metric on M. 
Proof. Clearly, d(x,y) > 0 and d(x,y) © x = y. 


Oifx=y 
lif x+y. 


Also d(x,y) = d(y,x) = f 
< d(x,y) = d(y,x) for all x,y € M. 
Now let x,y,z E M. 
Case (i) x =z 
Then d(x,z) = 0. 
Also, d(x, y) + d(y,z) = 0. 
~ d(x,z) < d(x,y) + d\y,z). 
Case (ii) x + z 
Then d(x,z) = 1. 
Also, since x, z are distinct, y can not be equal to both x and z. 
Hence either y # x ory + Z. 
~ d(x,y) + d(y,z) = 1. 
~ d(x,z) < d(x,y) + d(y,zZ). 
Thus d(x,z) < d(x,y) + d(y, z) for all x,y,z E€ M. 
Hence d is a metric M. 


Example 4. In R” we define 


n 1/2 
d(x,y) = Ye - y) 
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Where x = (%4,X2,.--,X,) and y = (4, Y2, ---, Yn). Then d is a metric on 
R”. This is called the usual metric on R”. 


Proof. d(x, y) = [Efi = yi)? > 0. 
d(x,y) = 0 © [Ek -yT = 0. 
© 71%; — y)* = 0 for alli = 1,2,....,n. 
© x; = yi for alli = 1,2,...,n. 
© (X1, Xz, e Xn) = (VL Vor Vn) » 
OSx=y. 
Also, d(x, y) = Eha — y)? 
= (Dhabi x] 
= d(y,x). 
To prove the triangle inequality, take 


ai = Xi — Yi; bi = yi — Zi and p = 2 in Minkowski’s inequality 
we get, 


Se =z)" 


i=1 


1/3 
+ 


1/3 n n 1/3 
< Da =y). 2,0" = a 


i=1 


ie d(x,z) < d(x,y) + d(y,z). 

~ dis metric on R”. 
Note. R” with usual metric is called the n-dimensional Euclidean space. 
Example 5. Consider R”. Let p > 1. We define d(x, y) = [SiL1(% — 
yi) 


Where x = (%4,X2,.+-,X,) and y = (4, Y2, Yn). Then d is a 
metric on R”. 


The proof is similar to that of example 4. 


Example 6. Consider R”. Let p = 1. Let l, denote the set of all sequence 
(xn) such that XF |x|? is convergent. Define d(x,y) = [X(x — 


yi] 


Where x = (x1, X2, =., Xn) and y = (V4, V2, +) Yn). 


Then d is a metric on ly, 
Proof. Let a,b E ly, 
First we prove d (a, b) is areal number. 
By Minkowshi’s inequality we have 
[E la; + bilPY/? < [Ef Lael?) + LD, lbi PIP.) 


Since a,b € lp, the right hand side of (1) has a finite limit as 


n > 00, 
1 
-~ [ÈZ lai + b;lP] visa convergent series. 


ee LS aes 
Similarly we can prove that [});2., la; — b;|? | /v is also a 
convergent series and hence d(a, b) is a real number. 


Now, taking the limit as n —> © in (1) we get 


Obviously d(x, y) = 0, 
d(x,y) = Oiffx = y. 
And d(x, y) = d(y,x). 


Now, let x, y,z € l, Taking, a; = x; — yi; bi = y; — z; in (2) we 
get 


My 
+ 


Yo, = «| ’ 


00 1/ 00 
So: = «| i = ex = y)” 


i.e d(x,z) < d(x,y) + d(y,z). 
.. d is metric on lp. 


Example 7. Let M be the set of all sequence in R. Let x, y € M and let 
x = (xn) and y = (yn). 


Define 


= [Xn — Jnl 
ACE Jao 
IE 7 Fae ep 


n=1 
Then d isa metric on M. 


Proof. Let x, y € M. First we prove that d(x, y) is a real number > 0. 
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Xn- 1 
We have —22—2l__ < —foralln. 
20 (1+|xn-Ynl]) 2n 


NOTES 


I í 
Also, Xp -1 zx iS a convergent series. 


o0 IXn-Ynl . . . 
1 24 ————— is a convergent series. (by comparison 
Lin=1 Cr enyn : ey come 


test) 
< d(x,y) isa real number and d(x,y) = 0. 


Now, 


= IXn — Ynl 
ty) = 000 Yala 
í La 2"(1 + [xn — Yal) 


© |xn — Yn| = 0 forall n. 
© Xn = Yn for all n. 
Sx=y. 


Also, d(x, y) = Z2, — Pan! 


2° (1+|Xn-ynl) 


= yo lYn—xnl 
naa 2"(1+lyn-Xnl) 


= d(y,x). 
Now, let x,y,z E M. Then 


IXn-Znl 1 1 


n= Zn ee, E 
1+|Xn-Zn 1+|Xn-Znl (14|xn—-Ynl+lyn-Zn|) 


= Ixn-Ynltl¥n-Znl 
(14|%¥n—-ynl+lyn-ZnD 


= IXn-Ynl lyn-Znl 
(14+|xn-Ynl+l¥n-Znl) (14+1xn-Ynl+l¥n-Znl) 


IXn-Ynl lyn-Znl 
~ (14+|x%n-ynl) (1+|9¥n-Znl) 


Multiplying both side of this inequality by = and take the sum 
from n = 1 to © we get d(x,z) < d(x,y) + d(y,z). 


.. dis metric on M. 


Example 8. Let d, and d, be two metrics on M. Define d(x, y) = 
d,(x, y) + d2(x, y). Prove that d is a metric space on M. 


Solution. d (x,y) = d,(x, y) + d2(x,y) = 0. 
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d(x,y) = 0 © d,(x%,y) + d2(x, y) = 0. 
© d,(x,y) = 0 and dz (x, y) = 0. NOTES 
ex=y. 
Now, d(x,y) = d,(x, y) + d2 (x,y) 

= d(y,x) + d2(y, x) 

= d(y,x). 
Let x, y,z E M. Then we have 
d,(x,z) < d(x, y) + d,(y,z) and 
d(x,z) < d2(x,y) + d2 (y, Z). 
Adding, we get d(x,z) < d(x,y) + d(y,z). 
~ dis a metric on M. 


Example 9. Determine whether d(x, y) defined on R by d(x,y) = 
(x — y)? is a metric or not. 


Solution. Let x, y € R. 
d(x,y) =(x-y)* 2 0. 
d(x,y) = (x - y}? = (y - x)? 
= d(y,x). 
But triangle inequality does not hold. 
Take x = —5,y = —4 and Z = 4 
Then d(x,y) = (-5 +4) = 1 
d(y,z) = (—4 — 4)? = 64 
d(x,z) = (4 + 5)? = 81. 
Here d(x,z) > d(x,y) + d(y,z) 
Hence triangle inequality does not hold. 


.. dis nota metric on R. 


2.3 LIMITS OF FUNCTIONS IN METRIC SPACES 


For defining limits of functions in metric spaces, we need the 
notation of cluster points in a set and so we explain it briefly. 
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Definition. Let (M,d) be a metric space and E be a subset of M. 
a E M is called a cluster point or a limit point of E if for every r > 0, 
there exists a b € E distinct from a such that d(a,b) < r. 


That is, a is a cluster point of E, if there are points of E 
distinct from a which are arbitrarily close to a. It must be noted that 
the cluster point may or may not belong to the set. 


Example 1. The set of cluster points of B = (0,1) in Ris [0,1]. 


No point outside (0,1) can be a cluster point of (0,1). 0 and 1 
are cluster points of B. Since for every € > 0, we can find a point of 
(0,1) in (0,€) distinct from 0. Similarly for the point 1 and other 
points of (0,1). Hence, the set of cluster points of (0,1) in R is [0,1]. 


Example 2. The set of cluster points of (0,1) in Rp is empty. 


No point of R can be a cluster point of (0,1) in Rp. Suppose if 
a is a cluster point of (0,1) in Rp, then for every € > 0, there should 
exist a b distinct from a such that d(a,b) < € which is not possible 
since d(a,b) = 1 when a + b in R. Hence, the set of all cluster points 
of (0,1) in Rp is empty. 


We shall now introduce the concept of the limit of a function 
in metric spaces. 


Let (M4, d4) and (M2, d2) be metric spaces and let a € M4. Let 
f be a function whose range is contained in M, and whose domain 
contains all x € M, such that d,(a,x) <r for some r >0 except 
possibly at x = a. We also assume that a is a cluster point of the 
domain of f. That is, we assume that for every r > 0, there is a point 
b in the domain of f distinct from a such that d4 (a,b) < r. 


Definition. f (x) is said to approach L where L € M, as x approaches 
a, if given € > 0 there exists a 6 > 0 such that d,(f(x),L) < £ when 
0 < d,(x,a) < 6. We denote this by lim,_,, f(x) = L or f(x) > L as 
x7 a. 


The following theorem gives the algebraic properties of the 
limits of real valued functions on metric spaces. 


Theorem 1. Let (M, d) be a metric space and let a be a point in M. Let 
f and g be real valued functions whose domains are subset of M and 
ranges are in R with the usual absolute value metric. If 
lim,q f(x) = L and lim,_,, g(x) = N where L,N are in R, then we 
have, 


(i) limya[f@) + 9Q)] =L+N. 


(ii) limsa fœ) — g@)] =L—-N. 
Gii  lim,a[f(@).g@)] =LN. 
fœ _ L 


(iv) limysalgGsl = y 
Proof. Proof follows exactly on the same lines as the proof in 
Theorem 4 of unit 7, when we replace the absolute value function in 
the domain by the respective metric d. So we omit the details of the 
proof. 


2.4 CONTINUOUS FUNCTIONS ON METRIC 
SPACES 


As in the case of the generalization of the limits of sequences 
and functions in metric spaces, we shall define continuous functions 
in a metric space (M, d) by replacing the absolute value value in the 
definition of continuity in R by the metric and creating the 
analogues for an interval in R with the help of the metric. 


A real valued function defined on R is said to be continuous at 
x =a if limyg f(x) = f(a). Since the function is defined at x = a, 
this definition is equivalent to the following £ — 6 formulation. 


The real valued function f is continuous at a € Rif and only if 
given ¢€>0, there exists a 6 >0 such that |f(x)—f(a)|< € 
whereever |x — a| < ô. 


Definition. Let (M, d) be a metric space. If a E M and r > 0, then an 
open sphere of radius r about a denoted by B (a;r) is defined to be 
the set of all points in M whose distance to a is less than r. That is 
B(a;r) = {x € M:d(x,a) <r}. Since ae€B(a:r),B(a:r)is non- 
empty. 


Example 1. The open sphere B(a;r) on the real line is the bounded 
open interval (a — r,a + r) with mid point a and total length 2r and 
B(0; 1) is the bounded open interval (—1,1). 


Example 2. In Euclidean 3-space, B(0;1) is the set of all points 
(x,y,z)such that x? + y? + z? <1 which has motivated the above 
terminology since x? + y? + z? < 1 is the inside of the sphere. 


Example 3. Let M = Rp, the real line with the discrete metric. Let a 
be any point in Rp. For 0 < r < 1, we have B(a;r) = a because the 
only point in Rp whose distance from a is less than 1 is a itself. But 
B(a;r) = Rp forr > 1. 


Since the open spheres in metric spaces are analogues of 
open intervals on the real line, we shall give below the definition of 
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convergent sequence and continuous function using the open spheres. 


Definition. A sequence (x„) converges to a if and only if given € > 0, 
there exists a no E N such that x, € B(a;¢) forall n = no. 


Theorem 2. Let M, and M, be metric spaces with metrics d, and d, 
and let f be a mapping of M, into M3. Then f is continuous at a E€ M, 
if and only if any one and hence all of the following three conditions 
hold. 


(i) Given € > 0, there exists a ô > 0 such that d,(f(x), f(a)) < € 
whenever d,(x,a) < ô. 

(ii) The inverse image of f of any open sphere B(f (a); €) about 
f(a) contains an open sphere B(a; 6) about a. 

(iii) Whenever (xn) is a sequence of points in M, converging 
to a, then the sequence (f (x,,)) of points in Mz converges to f(a). 


Proof. (i) is the reformulation of the definition of continuous function 
using the metric d, and d, in M, and M, in the place of absolute value 
function. 


(ii) Let us assume that f is continuous. Then given € > 0, there 
exists a ô > 0 such that dz (f(x), f(a)) <£ whenever d,(x,a) < ô. 
From this we get f(x)E€B(f(a);£) which shows that x€ 
f(b; £)). Since we consider only the values of x which lie in 
B(a; ô), we get 
B(a; 8) c fFTI(B( f(a) e)) n (1) 


Hence if f is continuous, the inverse image of any open sphere 
B(f (a); £) about f (a) contains an open sphere B (a; 6) about a. 


Conversely if B(a;6) Cc f~*B(f(a);¢),then we have 
f(B(a;ô)) c B(f(a);£). This implies that whenever x € B(a;ô), 
f(x) € BU (a); £). That is dz (f(x), f(a)) < £ whenever d4 (x,a) < ô. 


(iii) Let f be a continuous at a and prove that if x, >a as 
n > œ, then f(x,) > f(a) as n > œ. Note that f (xn) will be defined 
for large values of n. To prove the assertion, we have to show that 
given ¢>0, there exists positive integer ny such that f(x) € 
B(f (a); £) for all n => ng. Since f is continuous at a, given € > 0, there 
exists a 6 > 0 such that f(x) € B(f(a);£) whenever x € B(a;6). 


Hence, f(B(a;6)) € B(f (a); £). ....(2) 


Since x, > a asn > œ, there exists positive integer ng such 
that x € B (a; ô) forall n = no. ....(3) 


Form (2) and (3), we see that 


f(x) E BE (a); £) forall n = no. Hence, f (xn) > f(a) as 


n > oo. 


Conversely, xn >a implies f(xn)> f(a) as n—>æ and 
prove that f is continuous at x = a. Assume the contrary. Then by 
(ii), the inverse image under f of B = B(f (a); £) contains no open 


sphere about a. In particular f~1(B) does not contain B (a; 2) for 
any positive integer n. Hence, for each positive integer, there is a 
point x, E B (a; 2) such that f(x) ¢ B(f (a); £). Hence di (xn, a) < Z 


but d2(f (xn), f(a)) > £. This contradicts the fact that f (xn) > f(x) 
as n > œ. This contradiction proves the result. 


Note 1. (i) can also be put in the following equivalent form. For each 
open sphere B(f (a); £) centred at f(a), there exists an open sphere 
B(a; 6) centred at a such that f(B(a; 8)) c B(f (a); £). 


Note 2. To verify that a given function between metric spaces is 
continuous, the sequential characterization of continuous functions 
given in (iii) is more useful. We shall apply (iii) to prove that the 
properties of continuous functions also. 


Note 3. All the above discussion in relation to convergence of 
sequence and continuous functions given for metric spaces can be 
easily modified for real valued functions defined on metric spaces. 


Theorem 3. Let (M,,d,) and (M3,d2) be metric spaces and let 
f:Mı > Mz, g:M, > M3. If f is continuous at a E€ M, and g is 
continuous at f (a) € M, , then g e° f is continuous at a. 


Proof. Let (x„) be a sequence in M, such that x, > a as n > ©. To 
prove the theorem, we have to show that lim,n g[f(x,)] = 
gIf (a)]. Since f is continuous at a, we have limp» f (xn) = f(a). 


Let y, = f (xn) and y, > f(a) as n > œ in (Mp, dz). Since g is 
continuous limp» gn) = g(f(a)). substituting for y,, we get 
liMn>o IF (xn) ) = gQ (a)). Hence go f: M, > M; is 
continuous . 


To prove the result in R?, we can make use of any one of the three 
equivalent metrics in R? given in Example. Without loss of 
generality, let us take the second metric in Exampl. Hence, we have 


dz(hlxn Yn), h, y)) = IF Gn) -FOOI gO) - 90) 
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Using the hypothesis (1) and (2) in the above expression, we have 
do( hu Yn), h(x, y)) < - + - =e for alln > nọ. This shows that 
h(Xn Yn) > h(x, y) asn > œ in R?. 


Example 4. Let f: 1? > l?. Let x = (x1, Xz, ...) € L. Let f(x) be defined 
as f(x) = (0, x1, X2, ...), prove that f is continuous on /?. 


Let s, = (x,",x2",...) and let s, tend to s = (x1, X2, ...) as n > œ in l? 
metric. We shall show that f (sn) > f(s)asn > œ in l. 


dSn S) = (x1” — x1)? + (x2” = x2) +-+ (x;,” = Xn)? ne (1) 
d(f (Sn), f (S)) = 
Gg" — x1)? + (x2” — x2) ++ (x,.7 = Xp)? + -+(2) 
Since (1) and (2) are the same, d(s,,s5) > 0asn > œin I”. 


d(f (Sn), f(s)) > Oasn > œin l?. 
Hence f is a continuous function. 


CHECK YOUR PROGRESS 


1. Ifd isa metric on M, is d? a metric on M? 
2. Is [0,1] is open ball in M? 
3. Define continuous. 


2.5 ANSWER TO CHECK YOUR PROGRESS 
QUESTIONS 


1. Consider d(x, y) defined on R by d(x, y) = |x — y|. We know that d 
is a metric on R (refer example 1). d? (x,y) = |x — y|? = (x — y)?. But 
d? is not a metric (refer example 9). 

. : 1 1\. 1 3 
2. Let X = [0,1] with absolute value metric B G; 1) is B G; =) but 


B (=; 2) is lo, =), since points in R to the left of 0 are notin M. 
4 2 4 


3. A real valued function defined on R is said to be continuous at x = a 


if lim, va f(x) = f(a). 


2.6 SUMMARY 


1. Aset equipped with a reasonable concept of distance is called a 
metric space. 

2. d is called a metric or distance function and d(x, y) is called the 
distance between x and y. 

3. Let (M,d) be a metric space and E be a subset of M.a € M is 
called a cluster point or a limit point of E if for every r > 0, there exists 
ab € E distinct from a such that d(a, b) < r. 


4. f(x) is said to approach L where L € M, as x approaches a, if 
given € > 0 there exists ad > 0 such that dz (f (x), L) < € 
when 0 < d,(x,a) < 6. We denote this by lim,_,, f (x) = L or 
f(x) > Lasx >a. 

5. Areal valued function defined on R is said to be continuous 
at x = aif lim,.,, f(x) = f(a). 

6. A sequence (x,) converges to a if and only if given € > 0, 
there exists a no E N such that x, E€ B(a;¢) forall n = no. 


2.7 KEYWORDS 


1. Metric Space: A set equipped with a reasonable concept of 
distance is called a metric space. 

2. Metric or distance function d is called a metric or distance 
function and d(x, y) is called the distance between x and y. 

3. Usual metric: A metric space denoted by (R, d) is defined by 
d(x,y) = |x — y|. This metric d is called the usual metric 
for R. 

4. Discrete metric: Any non-empty set M we define d as 
d(x,y) = i n Then d is a metric on M. This is called 
the discrete metric on M. 

5. n-dimensional Euclidean space: R” with usual metric is called 
the n-dimensional Euclidean space. 


2.8 SELF ASSESSMENT QUESTIONS AND 


EXERCISES 


1. Let (M, d) is a metric space. Define d(x,y) = min{d(x, y), 1}. 
Prove that (M, d4) is a bounded metric space. 


2. Prove that in a metric space any subset of a bounded set is 
bounded. 
In R, with usual metric find B(1,1). 


In R?, with usual metric find B((0,0), 5, 


. 11 s f i : 
Determine (- 7 =) U {1} is open in R with usual metric. 


nn PW 


Find the diameter of the following subset of R with usual metric. 

i. {1,3,5,7,9}. 

ii, N. 

iii. Q. 

iv. [3,6] N [4,8]. 

7. Determine which of the following subsets of R are open in R with 
usual metric. 


a R 
b. (1,2) U (3,4). 
c. (a,œ). 
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3.0 INTRODUCTION 


Theorems about continuous real-valued functions on a closed 
bounded interval [a,b] such as, “If f is continuous on [a,b], then f 
takes on a maximum and minimum values,’’ and “If f is continuous on 
[a,b], then f takes on every value between f(a) and f(b)” are tools in 
the proof of the basic theorems in differential and integral calculus. We 
deduce these theorems as special cases of theorems about continuous 
functions on metric spaces. However, we first review the concept of 
continuity in its most elementary form. 


3.1 OBJECTIVES 


After going through this unit, you will be able to: 


e Understand what is meant by continuous functions in a point. 
e Discuss reformulation. 
e Describe bounded sets. 


3.2 FUNCTION CONTINUOUS AT A 
POINT ON THE REAL LINE 
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Let a be a point in R and suppose f is a real-valued function 
whose domain contains all points of some open interval (a — h,a + h) 
where h > 0 including a itself. 


Definition. We say that the function f is continuous at a €R if 


limyq f(x) = f (a). 


The definition really demands that two conditions be fulfilled in 
order that f be continuous at a. The first condition is that the 
lim, f(x) exists; the second is that this limit be equal to f(a). In 
particular, if f(a) is not defined, then f cannot be continuous at a. For 
example, the function f defined by 


sinx 


f(x) = 


(x E R,x #0) 


is not defined at x =0 and hence is not continuous at x = 0 even 
through lim,_, (sin x/x) exists (and is equal to 1). 
However, the function g defined by 


sinx 


g(x)=* (#0), 


g(0) = 1, 
is continuous at x = 0 since limy_.9 g(x) = g(0). 


It is often the case that a function f fails to be continuous at a 
point a because lim,_,, f(x) does not exist; more frequently, indeed, 
than it fails because f(a) is not defined or because f (a) is not equal to 
lim,q f (x). Consider, for example, the characteristic function y of the 
rational numbers. That is, 


x(x) =1 (x ER, x rational), 
x(x) =0 (x ER, x irrational). 


Then y(a) is defined for any a E R but lim,_,, y(x) does not 
exist for any a. To see this, assume the contrary that lim,_., y(x) = L 
for some L € R. Given € = - there would exist 6 > 0 such that |y(x) — 
L| <= if 0 < |x —a| < 6. But in the interval (a,a + ô) say, there is 
both a rational number and an irrational. If x E (a,a + ô) is rational we 


would have |1 — L| < =, while if x E€ (a,a + ô) is irrational we would 


have |0 — L| < =. A contradiction follows easily. 


On the other hand , most of the functions that are “easy to write 
down” turn out to be continuous at all points where they are defined. For 
example, we proved that lim,_,,(x? + 2x) =15. This shows that 
function f is defined by 


feo =x? + 2x GER) 


is continuous at x = 3. For f(3) = 15 and lim,_,3 f (x) = 15. The next 
example in unit 2 shows that the function g defined by 


g(x) =vx4+3 (0 <x <2) 
is continuous at x = 1. 


Theorem 1. If the real-valued functions f and g are continuous at 
a E R, then so are f + g,f — g, and fg. If g(a) + 0, then f/g is also 
continuous at a. 


Proof. Since f and g are continuous at a we have 
limysa f(x) = f (a) and limy>a g(x) = g(a). 


Then, by 4.1C, lim,.,[f(x) + g(x)] = f(a) + g(a). In other 
“words,” 


limy af + g)(x) =(f+ g)(x) 


This proves that f + g is continuous at a. The remainder of the 
theorem is proved similarly. 


A continuous function of a continuous function is continuous. 
More precisely, 


Theorem 2. If f and g are real-valued functions, if f is continuous at a, 
and if g is continuous at f(a), then g ° f is continuous at a. 


Proof. We must show lim,_,, g ° f(x) = g ° f(a) or, 
limysa 9lf (x)] = [f(a]. 
That is, given € > 0 we must find ô > 0 such that 
lf- gF] Ke O<|x—-al<6). 0) 
Let b = f (a). Now by hypothesis 
limya gly] = glb]. 


Hence there exists n > 0 such that 
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lgiyl—glbll<e (ly -bl <n). (2) 

But, also by hypothesis, 

lima f (x) = f (a). 

Thus (using 7 where we usually use £) there exists 6 such that 
IfC)-f@l<n  (lx-al]< ô), 

If) -—bl<n  (lx—=alļ< ô). (3) 


Thus if |x —a| <6 then f(x) is within n of b and so we may 
substitute f(x) for y in (2). Hence 


lglyl—-glbll<e (ly-bl< n). 


Which implies (1), and the proof is complete. 


3.3 REFORMULATION 


We have defined “f is continuous at a” to mean lim,,, f(x) = 
f(a). That is, f is continuous at a if for any ¢ > 0 there exists ô > 0 
such that |f (x) — f(a)| <£ (0 < |x —a| < ô). However (as you were 
asked to observe in the last proof), the inequality |f (x) — f(a)| < € 
obviously holds if x = a. Thus, we need only write |x — a| < 6 instead 
of 0 < |x —a| < 6. Here then, is a reformulation of definition. 


Theorem 3.The real-valued function f is continuous at a € R, if and 
only if given £ > 0 there exists 6 > 0 such that 


If) -fa < e (lx — a] < 6) 


Then, f is continuous at a if for any € > 0 there exists ô > 0 
such that, if the distance from x to a is less than 6, then distance from 
f(x) to f(a) is less than £. Show that the definition of continuity is 
based on the metric in R. 


Definition. If a E€ R, and r > 0 we define B[a;r] to be the set of all 
x € R whose distance to a is less than r. That is, 


Bla;r] = {x € R||x —a| <r}. 
We call B[a; r] the open ball of radius r about a. 


It is clear that B[a;r] is just a fancy way of denoting the bounded 
open interval (a + r,a — r). However, in an arbitrary metric space there 
is no such thing as an interval. But the object B[a;r] does have a 
counterpart in any metric space, which is the reason we defined it in 
terms of distance. 


Thus reads “f is continuous at a if and only if given £ > 0 there 
exists 6 > 0 such that f(x) E€ B[f(a);e] if x € Bla; ô]? That is, the 
entire open ball B[a; 5] is mapped by f into the open ball B[f (a); e]. 


Thus, f is continuous at a if and only if, for any open ball B 
about f (a), there is an open ball about a which f maps entirely into B. It 
turns out to be more useful to be more useful to state this definition in 
terms of inverse images. 


Theorem 4.The real-valued function f is continuous at a € R if and only 
if the inverse image under f of any open ball B[f (a); £] about f(a) 
contain an open ball B[a; ô] about a. (That is, given € > 0 there exists 
6 > 0 such that 


f(BIF@;e) > Bla; 6). 


Our final reformulation of the continuity concept will be in terms 
of sequences, observe first that the sequence {x,}7-, converges to a if 
and only if given ¢€ >0 there exists N €I such that x, € Bla; €] 
(n= N). 


That is, given any open ball B about a, all but a finite number of 
the x, are in B. 


Theorem 5.The real-valued function f is continuous at a € R if and only 
if, whenever {Xn }n-1 is a sequence of real numbers converging to a, then 
the sequence {f (xn)} -1 converges to f(a). That is, f is continuous at a 
if and only if 


limps %, =a implies limps f (Xn) = f(a) (E): 


Proof. Let us first assume that f continuous at a and prove that (*) holds. 
Let {Xn }n=1 is a sequence of real numbers converging to a. [Then f (xn) 
will be defined for n sufficiently large.] We must show that 
limpo f (Xn) = f(a) that is, given € > 0 there exists N € I such that 


fxn) E B[f (a); e] (n2 N). (1) 
But since f is continuous at a € R there exists 6 > 0 such that 
f(x) E B[f (a); e] (x € B[a;ô]). (2) 


Furthermore, since liMp»œ Xn = a, there exists N € I such that 
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Xn E Bla; ô] (n=N). (3) 


For this N, (1) follows from (2) and (3). 


Conversely, suppose (*) holds. We must prove that f is 
continuous at a. Assume the contrary. Then, for some £ > 0 the inverse 
image under f of B = B[f(a);¢] contains no open ball about a. In 


particular, f~1(B) does not contain B[a; =] for any n € I. Thus, for each 
n E I, there is point x, E Bla; =| such that f (xn) ¢ B. That is 
1 
|x, — a] < = but |f (xn) — f (a)| 2 e. 
This clearly contradicts (*), so f must be continuous at a. 
lim g[f @n)] = gf Ca] 
Where {xn }n-1 is any sequence of real numbers such that 
lim x, = a. 
n-0co 


Since f is continuous at a, imply (1) and the proof is contradict. 


3.4 BOUNDED SETS IN METRIC SPACE 


Definition. Let (M, d) be a metric space. We say that a subset A of M is 
bounded if there exists a positive real number k such that d(x,y) < k 


for all x,y € A. 


Definition. Let (M, d) be a metric space. Let A E M. Then the diameter 
of A, denoted by d(A), is defined by d(A) = l.u. b{x € Alx, y € A}. 


Note 1. A non-empty set A is a bounded set iff d(A) is finite. 


Note 2. Let A,B © M. Then A © B > d(A) < d(B). 


35 PROBLEMS 


Example 1. Any finite subset A of a metric space (M, d) is bounded. 
Proof. Let A be any finite subset of M. 


If A = @ then A is obviously bounded. 
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Let A + ®. Then {d(x, y)|x, y € A} is a finite set of real numbers. Let 
k = max {d(x, y)|x, y € A}. Clearly d(x,y) < k for all x, y E A. 

NOTES 
“. A is bounded. 


Example 2. [0,1] is a bounded subset of R with usual metric since 


d(x,y) < 1 for all x,y € [0,1]. 


More generally any finite interval and any subset of R which is 


contained in a finite interval are bounded subsets of R. 
Example 3. (0, ©) is a unbounded subset of R. 


Example 4. If consider R with discrete metric, then (0, ©) is a bounded 


subset of R, since d(x, y) < 1 for all x, y € (0,0). 


More generally any subset of a discrete metric space M is bounded 


subsets of M. 


Example 5. In l, let e} = {1,0,...,0, ... },e2 = {0,1,0, ...,0,...},e3 = 
(O04 Ove Yescds 


Let A = {¢e14, e2, 1, €n, =}. 
Then A is a bounded subset of l}. 


V2 ifn#m 


Proof. d (en, €m) = f 
roof. d(en, em) 0 ifn=m. 
^ (En, €m) < V2 for all en, €m E A. 


“. Ais a bounded set in lz. 


d(x,y) 


Example 6. Let (M, d) be a metric space. Define d4 (x, y) = aa 


We know that (M, d,) is also a metric space. 
Also d,(x,y) < 1 forall x,y E M. 


Hence (M, dı) is a bounded metric space. 
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Example 7. The diameter of any non-empty subset in a discrete metric 


space is 1. 


CHECK YOUR PROGRESS 


1. d(®)? 
2. Define diameter 


3. Describe length of an interval. 


3.6 ANSWER TO CHECK YOUR PROGRESS 
QUESTIONS 


1. In any metric space, d(®) = —oo., 


2. Let (M, d) be a metric space. Let A E M. Then the diameter of A, 
denoted by d(A), is defined by d(A) = l.u. b{x € Alx, y E€ A}. 


3. In R the diameter of any interval is equal to the length of the interval. 


For example the diameter of [0,1] is 1. 


3.7 SUMMARY 
1. The function f is continuous at a E R if lim,_,, f(x) = f (a). 
2: If the real-valued functions f and g are continuous at a € R, then 


so are f + g,f — g, and fg. If g(a) + 0, then f/g is also continuous at 
a. 

3. If f and g are real-valued functions, if f is continuous at a, and if 
g is continuous at f (a), then g ° f is continuous at a. 

4. If a E R, and r > 0 we define B[a;r] to be the set of all x E€ R 
whose distance to a is less than r. That is, 
Bla;r| = {x € R||x — a| < r}. We call B[a; 1] the open ball of radius r 


about a. 


5. Let (M,d) be a metric space. Let A © M. Then the diameter of A, 
denoted by d (A), is defined by d(A) = l.u. b{x € Alx, y € A}. 
6. A non-empty set A is a bounded set iff d(A) is finite. 


3.8 


KEYWORDS 


. Continuous: The function f is continuous at aE R if 


limyq f(x) = f (a). 


. Open ball: If a E R, and r > 0 we define B[a;r] to be the 


set of all x € R whose distance to a is less than r. That is, 
Bla;r] = {x € R||x — a| < r}. We call B[a;r] the open ball 


of radius r about a. 


. Bounded: Let (M, d) be a metric space. We say that a subset 


A of M is bounded if there exists a positive real number k 


such that d(x,y) < k forall x,y E A. 


. Diameter: Let (M, d) be a metric space. Let A © M. Then 


the diameter of A, denoted by d(A), is defined by d(A) = 
l.u.b{x E€ Alx,y € A}. 


. Usual metric: A metric space denoted by (R, d) is defined 


by d(x,y) = |x — y|. This metric d is called the usual 


metric for R. 


. Discrete metric: Any non-empty set M we define d as 


cue “F Then d is a metric on M. This is 
lif x+y. 


d(x,y) = f 
called the discrete metric on M. 
n-dimensional Euclidean space: R” with usual metric is 


called the n-dimensional Euclidean space. 
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SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


Let (M,d) is a metric space. Define d(x,y) = 


min{d(x, y), 1}. Prove that (M, d,) is a bounded metric space. 


2. Prove that in a metric space any subset of a bounded set is 


bounded. 
In R, with usual metric find B(1,1). 


4. In R?, with usual metric find B((0,0), 5, 
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; 11 . ; ; , 
8. Determine (- z =) U {1} is open in R with usual metric. 
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4.0 INTRODUCTION 


In mathematics, a metric space aimed at is subspace is a categorical 
construction that has a direct geometric meaning. It is also a useful 
step toward the construction of the metric envelops, or tight span, 
which are basic objects of the category of metric spaces. 


4.1 OBJECTIVES 


After going through this unit, you will be able to: 


e Understand what is meant by subspaces. 
e Determine if subsets of a metric space are open, closed sets. 
e Discuss limit point, closure and dense set. 


4.2 SUBSPACE 


Definition. Let (M, d ) be a metric space. Let M, be a non-empty 
subset of M. Then M, is also a metric space with the same metric d. 
we Say that (M,,d) is a subspace of (M, d). 
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Subspaces 


Note. If M, is a subspace of M a set which is open in M; need not be 
NOTES open in M. 


For example, if M = R with usual metric and M, = [0,1] then 


[0, 5 is open in M, but not open in M. 


We now proceed to investigate the nature of open sets in 
subspace M, of a metric space M. 


Theorem 1. Let M be a metric space and M, a subspace of M. Let 
A, S Mı. Then A, is open in M, iff there exists an open set A in M such 
that Ay = A N Mı. 


Proof. Let M, be a subspace of M. Leta E€ M4. 
We denote B4 (a,r) the open ball in M, with center a, radius r. 
Then B4 (a,r) = {x € M,|d(a,x) < r}. 
Also, B(a,r) = {x € M|d(a,x) < r}. 
Hence, B (a,r) = B(a r) A Mi oo aacceae (1) 
Now, let A, be an open set in M4. 


A, = Uxea, B(x, r(x)) 
= Uxea, [B(x r(x)) N M1] (by 
(1)) 


= [Uxea, B(x, r(x))] N My. 
= AN Mı where A = Uxeg, B(x, r(x)) which is open M. 
Conversely, let A; = AN M, where A is open in M. 
We claim that A, is open in M,. 
Let x E A,. 
“x E Aandx E M. 


Since A is open in M there exists a positive real number r such 
that B(x,r) S A. 


.. Mı N B(x,r) Cc Mı NA. 
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ie. B(x,r) S Ay (using (1)) 
“A, is open in M4. 
Example 1. Let M = R and M, = [0,1]. Let A; = [0, 5. 


Now A, = lo, =) = G 3 N [0,1] and @ -=) is open in R. 


2’ 2 


<. (0, 5 is open in [0,1]. 


SOLVED PROBLEMS 


Problem 1. Let M, be a subspace of a metric space M. Prove that 
every open set A, of M,is open in M iffis open in M. 


Solution. Suppose that every open set A, of M, is open in M. 
Now, M, is open in M4. 
Hence M, is open in M. 
Conversely, suppose M, is open in M. 
Let A, be an open set in M4. 


Then by theorem 1, there exists an open set A in M such that 
Ay = A N Mı. 


Since A and M, are open in M,we get A, is open in M. 


4.3 INTERIOR OF A SET 


Definition. Let (M, d) be a metric space. Let A & M. Let x € A. Then x 
is said to be an interior of A if there exists a positive real number r 
such that B(x,r) € A. 


The set of all interior points of A is called the interior of A 
and it is denoted by Int A. 


Note. Int A & A. 


Example 1. Consider R with usual metric. 


Subspaces 


NOTES 


Self-Instructional material 


Subspaces 


NOTES 


Self-Instructional material 


(a) Let A = [0,1]. Clearly 0 and 1 are not interior points of A and 
any point x € (0,1) is an interior point of A. Hence Int A = (0,1). 

(b) Let A = Q. Let x € QThen for any positive real number r, 
B(x,r) = (x —1r,x + r) contains irrational numbers. 


.. B(x,r) is not a subset of Q. 

“. x is not an interior point of Q 

Since x € Qis arbitrary, no point of Q is an interior point of Q. 
~ IntQ =P 


(c) Let A be a finite subset R. Then Int A = ©. 


(d) Let A = (0,1,4, TEER =, hee) Then Int A = ©. 


Example 2. Consider R with discrete metric. 


Let A = [0,1]. Let x € [0,1]. 


1 


Then B (x, =) ={x} SA 

«xis an interior point of A. 

Since x € [0,1] is arbitrary Int A = A. 

Basic properties of interior are given in the following theorem. 
Theorem 2. Let (M, d) be a metric space. Let A,B S M. 


(i) Ais open iff A=Int A. In particular Int ® = ® and Int M = M. 

(ii) Int A = Union of all open sets contained in A. 

(iii) Int Ais an open subset of A and if B is any other open 
set contained in A then B € Int A .i.e. Int A is the largest open set 
contained in A. 


(iv) AGBa>IntACIntB. 

(v) Int (AN B) = Int A N IntB. 

(vi) Int (A U B) 2 Int AUInt B. 
Proof. 


(i) Follows from the definitions of open set. 
(ii) Let G = U{B|B is an open subset of A}. 


To prove that Int A = G. 

Let x E Int A. 

.. There exists a positive real number r such that 
B(x,r) CA. 

Thus B(x,r) is an open set contained in A. 

~ B(x,r) SG. 

“xEG. 


“IntASG. ones (1) 
Now, let x E G. 
Then there exists an open set B such that x € B and B € A. 


Now, since B is open and x € B there exists a positive real 


number r such that B(x,r) E B CA. 


“. x is an interior point of A. 
Hence G S Int A, hacen anes (2) 


From (1) and (2), we get G = Int A. 


(iii) | Since union of any collection of open sets is open 


(ii)= Int A is an open set. 

Trivially Int A € A. 

Now, let B be any open set contained in A. 
Then BGG=Int A. (by 2) 


«Int A is the largest open set contained in A. 


(iv) Letx € Int A. 


(v) 


.. There exists a real number r>0 such that B(x,r)GA. 
But A C B. Hence B(x,r) E B. 
“x E Int B. Hence Int A € Int B. 


ANBCA. 

~ Int (ANB) € Int A. (by (iv)) 
Similarly Int (AN B) & Int B. 
“Int(ANB)&IntAnIntB. a... (1) 


Now, Int A & A; IntB CB. 

Hence Int AN Int B& ANB. 

Thus Int A N Int B is an open set contained in A N B. 

But Int (A N B) is the largest open set contained in AN B. 


«Int AN Int B € Int (ANB) 
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From (1) and (2) we get Int (A N B) = Int An Int B. 


(vi) ACGAUB. 
“Int AS (AUB) (by (iv)) 
Similarly, Int A E (AUB) 
«Int AUInt B © Int (AUB). 


Note. Int (A U B) need not be equal to Int A U Int B. 


For example, in R with usual metric consider A = (0,2] and 
B = (2,3). 


But, Int A U Int B = (0,2) U (2,3) = (0,3) — {2}. 


“ Int (A U B) + IntA U IntB. 


4.4 OPEN SET 


Definitions. Let (M, d) be a metric space. Let A be a subet of M. Then 
A is said to be open in M if for every x € A there exists a positive real 
number r such that B(x,r) © A. 


Example 1. In R with usual metric (0,1) is an open set. 
Proof. Let x € (0,1). 
Choose r = min{x — 0,1 — x} = min{x, 1 — x}. 
Clearly r > 0 and B(x,r) = (x—r,x +r) & (0,1). 
~. (0,1) is open. 


Example 2. In Rwith usual metric [0,1) is not open since no open ball 
with center 0 is contained [0,1). 


Example 3. Consider M = [0,2) with usual metric. Let A = [0,1) E M. 
Then A is open in M. 


Proof. Let x € [0,1). 
1 1 
Ifx = 0 then B (0,ż) =[0,5) C4. 
If x # 0 chooser = min{x, 1 — x}. 
Clearly r > 0 and B(x,r) = (x—r,x +r) & (0,1). 
~ Ais open in M. 


Example 4. Any open interval (a, b) is an open set in R with usual 
metric. 


Proof. Let x € (a,b). 


Let r = min{x — a,b — x}. 
Then B(x,r) & (a,b). Hence (a, b) is an open set. 
Note. Similarly we can prove that (—©%, a) and (a, ©) are open sets. 


Example 5. In R with usual metric any finite non-empty subset A of R 
is not an open set. 


Proof. Any open ball in R is a bounded open interval which is an 
infinite subset of R. Hence it cannot be contained in the finite subset 
A. Hence A is not open in R. 


Example 6. Q is not open in R. 


Proof. Let x E€ Q. Then for any r > 0 the interval (x —r,x +r) 
contains both rational and irrational numbers. 


“(x —r,x +1) is nota subset of Q. 
. Q is not open in R. 
Example 7. Z is not open in R. 


Proof. Let x € Z. Then for any r > 0 the interval (x —r,x + r) is nota 
subset of Z. Hence Z is not open in R. 


Theorem 3. In any metric space M. 


(i) ® is open. 
(ii) M is open. 


Proof. (i) Trivially ® is an open set. 


(ii)Let x € M. Clearly for any r > 0 B(x,r) © M. Hence M is 
an open set. 


Theorem 4. In any metric space (M, d) each open ball is an open set. 
Proof. Let B(a,r) be an open ball in M. 
Let x € B(a,r). 


Then d(a,x) <r. 
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«~ r—d(a,x) > 0. 

NOTES Letr, =r — d(a, x). 

We claim that B(x,r) E B(a,r). 
Lety € B(x,r) 

~ d(x,y) <7, =r—d(a,x). 


~ d(x,y) +d(a, x) <r (1) 
Now, d(a,y) < d(a,x) + d(x,y) <r (by (1)). 


«d(ay) <r. 

~y € Bar) 

Hence B(x,r) E B(a,r). 
~ B(a,r) is an open set. 


Theorem 5. In any metric space the union of any family of open sets 
is open. 


Proof. Let (M, d) be a metric space. 
Let {A;|i € I} be a family of open sets in M. 
Let A = Uje Aj 
If A = Ẹ then A is open. 
Therefore, let A + ®. Let x E A. 
Then x E A; forsomei E I. 


Since A; is open there exist an open ball B(x,r) such that 
B(x,r) © Aj. 


“BOGT) SA. 
Hence A is open. 


Theorem 6. In any metric space the intersection of a finite number of 
open sets is open. 


Proof. Let (M, d) be a metric space. 
Let A;,A2,..-,Apn,.... be open sets in M. 


Let A=A,NA,N ...NA,N ... 
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IfA = ®. Let x E A. 
x € A; for each i = 1,2,...,n. 


Since each A; is an open set there is a positive real number 7; 
such that 
B(x, ri) = Aj. (1) 


Letr = min{r,7%,...,%}. 


Obviously r is a positive real number and B(x,r) © B(a,7;) for 
alli = 1,2,...,n. 


Hence B(x,r) S A; forall i = 1,2,...,n. (by 1) 
Bet) S (ia Ay 

«~ B(x,r) GA. 

« Ais open. 


Note. The intersection of an infinite number of open sets in a metric 
space need not be open. 


For example, consider R with usual metric. 


Let A, = (-=,-) 
Then A, is open in R for all n. (refer example 4) 
But N72, An = {0} which is not open in R. (refer 


example 5) 


We now give a characterization of open sets in terms of open 
balls. 


Theorem 7. Let (M, d) be a metric space. Let A be any non-empty 
subset of M. Then A is open iff A can be expressed as the union of a 
family of open balls. 


Proof. Let A be a non-empty open subset of M. 
Let x E A. 


Since A is an open set there exists an open ball B (x, rų) such 
that B(x,r) S A. 


Clearly Uyea B(x, %) = A. 


Thus A is the union of a family of open balls. 
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Conversely, let A be a union of open balls. 


Then A is open. 


SOLVED PROBLEMS 


Example 1. Let (M, d) be a metric space. Let x, y be two distinct points 
of M. Prove that there exist disjoint open balls with centers x and y 
respectively. 


Solution. Since x + y, d(x,y) =r > 0. 
Consider the open balls B(x, Er) and B (y, =r). 


We claim that B(x,<1) N B(y,-r) = 
Suppose B(x,r) N B(y,-r) + 
Letze B (xr) NB (v.27). 

AZE B(x,+r) and z €E B(y,=7). 

~ d(x,z) < ir and d(y,z) < Er, 

Now, d(x,y) < d(x,z) + d(z, y). 
ar<sir+ir=żr 
Which is a contradiction. 

Hence B (xr) NB (v.27) = È. 


Example 2. Let (M, d) be a metric space. Let x € M. Show that {x}° is 
open. 


Solution. Let y € {x}°. Then y # x. 
<~ d(x,y) =r >0. 
Cleary B(y,=r) C {x}°. 
= {x}° is open. 


Example 3. Let (M, d) be a metric space. Show that every subset of M 


is open iff {x} is open for all x € M. 


Solution. Suppose every subset of M is open. 


Then obviously {x} be open for all x € M. 


Conversely, let {x} be open for all x € M. 

Let A be any subset of M. 

If A = @ then A is open. 

Let A + ®. Then A = Uyea{x}. 

By hypothesis {x} is open. 

Hence A, is open. 
Example 4. Let A = {(@n)|(an) El, and [XZ a2]'/2 < 1}. Prove 
that A is an open subset of l. 
Solution. We first prove that A = B(0,1) where 0 = (0,0,0,....) 
Let x E A. Hence [Xp x2]? < 1. 

AAGL0) Se 04-0] 2a ae) eet 

Thus d(x,0) < 1 

“x E B(0,1) 

AS B(0,1) (1) 

Now, let y € B(0,1) 

 d(0,y) < 1. 

a EO 0) <1 

Dea) eei 

“YEA. 

~ B(0,1) € A. (2) 

By (1) and (2) we get A = B(0,1) 

Now, the open ball B(0,1) is an open set. 

.. Ais an open set. 


Example 5. Prove that any open subset of R can be expressed as the 
union of a countable number of mutually disjoint open intervals. 


Solution. Let A be an open subset of R. let x € A. Then there exists a 
positive real number r such that B(x,r) = (x—r,x +r) CA. 
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KEA 


Thus there exist an open interval I such that x E I and I CA 


Let Z, be denote the largest open interval such that x € I and 


Clearly Uye, ly = A. 

Now let x,y E A. 

We claim that I, = I, or Iy N I, = ® 

Suppose 1, N I, + ® 

Then I% U I, is an open interval contained in A. 

But Z, is the largest open interval such that x € I, and I% S A. 
“ly UL, = 1, so that ly E I, 

Similarly I, S I}. 

“. ly = ly . Thus the intervals 1, are mutually disjoint. 

We claim that the set F = {I,|x € A} is countable. 

Now for each J, € F choose a rational number 7; € L. 

Since the intervals /,, are mutually disjoint I; = Iy > 7% # Ty. 
~ f:F > Q defined by f (1%) = 7, is 1-1. 

.. F is equivalent to a subset of Q which is countable. 


.. F is countable. 


Definition. Let d and p be the two metrics on M. Then the metrics d 
and p are said to be equivalent if the open sets of (M, p) are the open 
sets of (M, d) and conversely. 


Example 6. Let (M, d) be a metric space. Define p(x, y) = 2d(x,y). 
Then d and p are equivalent metrics. 
Solutions. We know that p is a metric on M. 


We first prove that Bg(a,r) = B,(a, 2r) 
Let x E€ Bg(a,r) 
< d(a,x) <r. 


ʻ 2d(a,x) < 2r. 


~ p(a,x) < 2r. Hence x € B,(a,2r) 
“~ Balar) E B, (œ, 2r) eee tee (1) 
Now, let x € B,(a, 2r) 
< p(a,x) < 2r. 
1 
FA 5 Pa, x) <r. 
«~ d(a,x) < r. Hence x € Ba(a, r). 
B, (a, 2r) E Balar) an (2) 


“By (1) and (2) we get Ba(a, r) = Bp(a, 2r). nu (3) 


Now, let G be any open subset in (M, d). Let E G . Hence there 


exists r > 0 such that Ba(a,r) © G. 
~ B,(a,2r) SG. 
~ G is openin (M,p). 
Conversely, suppose G is open in (M, p). 


Leta € G. Hence there exists r>0 such that B, (a,r) S G. 


Hence Ba(a,>r) C G (using 3). Hence G is open in (M, d). 


-. d and p are equivalent metrics. 


d(x,y) 


Example 7. Let (M, d) be a metric space. Define (x, y) = 


Prove that d and p are equivalent metrics on M. 
Solution. We know that p is a metric on M.We first prove 
B, (a,r) = Ba(a, 5> provided 0 <r <1. 

Let x € B, (a,r). Hence p(a,x) < r. 


d(a,x) 
“ 14d(a,x) ' 


~ d(a,x) <r[{1+d(a,x)]. 


~ d(a,x)[1—r] <r. 


r 
[1-r] 


~ d(a,x) < (since 0 <r < 1) 


1+d(x,y) ` 
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+x € By(a—). 

+ B,(a,r) © Ba (a). ERE Gp 
Now, let x € By (a= Z) Hence d(a,x) < — 
-d(a,x)[1—r] <r 


~ d(a,x) <r[{1+d(a,x)]. 


d(a,x) 
a 1+d(a,x) 


~ p(a,x) <r. 

+ x € B (a,r). 

+ Ba (a,- \cB, (a,r) 
sO) 

^ By (1) and (2) we get Ba (a, —) = B,(a, r). 
EE 

Now, let G be open in (M, p). 


Let a € G. Hence there exists r > 0 such that B, (a,r) S G. 


Without loss of generality we may assume thatr < 1. 
` Bala =) ESG EYG). 

~ G is openin (M,d). 

Conversely, let G be open in (M,d). 


.. There exists r > 0 such that By(a,r) E G. 
T g 

~ Ba (a, Z) CG (using3). 

«G is open in (M, p). 

Hence d and p are equivalent metrics. 


Example 8. If d and p are metrics on M and if there exists k > 1 such 
that = p(x, y) < d(x,y) < kp(x, y) for all x,y E€ M. Prove that d and p 


are equivalent metrics. 


Solution. Suppose there exists k > 1 such that for all x,y € M 


EPG y) < d(x,y) < koy) atte (1) 


Let G be an open set in (M, d). 


Let a E G. Hence there exists r > 0 such that By(a,r) E G. 


x E 
We now claim that B, (a, o) GG: — č aak (2) 
Tr 
Letx E B, (a, “), 
. i 
~ p(a, x) < r: 
“~ kp(a,x) <r. 
~ pla, x) <r. (using 1) 


~x E€EBg(a,r) ESG (by2) 

“x E G. Hence B,(a,~) CG. 

~ G is open in (M, p) 

Conversely, let G be open in (M, p). Leta € G. 


-. There exists r > 0 such that B, (a,r) © G. 


a8) 


z r 
We claim that By (a, ~) CG. 


Tr 
XE Ba (a7). 

Tr 
~ d(a,x) < T 
~ kd(a,x) <r. 
~ pla,x) <r. (using 1) 
~x EB ar)ESG (by3) 
“x E G. Hence Ba(a,~) EG. 


Hence Gis open in (M,d). 


«d and p are equivalent metrics. 
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4.5 CLOSED SETS 


Definition. Let (M, d) be a metric space. Let A € M. Then A is said to 
be closed in M if the complement of A is open in M. 


Example 1. In R with usual metric any closed interval [a, b] is closed 
set. 


Proof. [a, b) is not open in R since a is not an interior point of [a, b). 
Now, [a,b)° = R — [a, b) = (—~,a) U (b, œ). 

Also (—œ,a) and (b, œ) are open in R. 

i.e. [a, b]° is open in R. 

~ [a,b] is closed in R. 

Example 2. In R with usual metric [a, b) is neither closed nor open. 
Proof. [a, b) is not open in R since a is not an interior point of [a, b). 


Now, [a, b)° = R — [a, b) = (—~, a) U [b, œ) and this set is not open 
since b is not an interior point. 


~ [a, b) is not closed in R. 

Hence [a, b) is neither open not closed in R. 

Example 3. In R with usual metric (a, b] is neither closed nor open. 
Proof is similar to example 2. 

Example 4. Z is closed. 

Proof. Z° = Uf_-_o(n,n + 1). 

The open interval (n,n + 1) is open and union of open sets is open. 
Z“ is open. Hence Z is closed. 

Example 5. Q is not closed in R. 

Proof. Q° = the set of irrationals which is not open in R. 
Therefore, Q is not closed in R. 

Example 6. The set of irrational numbers is not closed in R. 

Proof is similar to that of example 5. 


Example 7. In R with usual metric every singleton set is closed. 


Proof. Leta € R. 
Then {a} = R — {a} = (—~,a) U (a, œ). 


Since (—co, a) and (a, °°) are both open sets (—0©, a) U (a, œ) is 
open. 


. {a} is open R. Hence {a} is closed in R. 


Definition. Let (M,d) be a metric space. Let a E€ M. Let r be any 
positive real number. Then the closed ball or the closed sphere with 
center a and radius r, denoted by B,[a,r], is defined by 


Bala, r] = {x € M|d(a,x) <r}. 


When the metric d under consideration is clear we write B[a,r] 
instead of Bala, r]. 


Example 1. In R with usual metric Bla,r] = [a -r,a +r]. 
Example 2. In R? with usual metric let a = (a4, a2) E R?. 
Then B[a,r] = {(x, y) E€ R*|(a,, a2), (x,y) < r}. 

= {(x, y) E R*|(x— a)? + (y— a2)? < r°}. 


Hence B[a,r] is the set of all points which lie within and on the 
circumference of the circle with center a and radius r. 


Theorem 8. In any metric space every closed ball is a closed set. 
Proof. Let (M, d) be a metric space. 

Let B[a,r] be a closed ball in M. 

Case (i). Suppose B[a,r]° = ®. 

-. B[a,r]® is open and hence B[a,r] is closed. 
Case (ii). Suppose B[a,r]° # ®. 

Let x E B[a,r]°. 

~ x €Bla,r]°. 

~ d(a,x) >r. 

~ d(a,x)—r> 0. 

Letr, = d(a,x) — r. 


We claim that B(x,7,) S Bla,r]°. 


Subspaces 


NOTES 


Self-Instructional material 


Subspaces 


NOTES 


Self-Instructional material 


Let y E B(x,7;). 
Then d(x,y) < rı = d(a,x) —r. 
~ d(a,x) > d(x,y) —r. 
Now, d (a,x) < d(a,y) + d(y,x). 
~ d(a,y) = d(a,x) — d (y, x). 


> d(x,y) +r — d(y,x) (by 1). 


Thus d(a,y) >r. 
~ y ¢ Blar]. 

Hence y E B[a,r]°. 

“~ B(x,rı) S Bla, r]°. 
~ B[a,r]© is open in M. 
-. B[a,r] is closed in M. 
Theorem 9. In any metric space M, (i) ® is closed, (ii) M is closed. 
Proof. Since M° = @ is open. M is open. 
Similarly, ®* = M is open and hence is @ is closed. 


Note. We note that in any metric space M, ® and M are both open and 
closed. 


Theorem 10. In any metric space arbitrary intersection of closed sets 
is closed. 


Proof. Let (M, d) be a metric space. 

Let {A;|i € I} be a collection of closed sets. 

We claim that Nier 4; is closed. 

We have (Nicer ADE =Ujer Ai’: (by De Morgan’s law) 
Since A; is closed A,‘ is open. 

Hence Uje; A;® is open. (By theorem 3) 


“ (Nie, Aj)* is open. 


“ Nie, Aj is closed. 


Theorem 11. In any metric space the union of a finite number of 
closed set is closed. 


Proof. Let (M, d) be a metric space. 
Let 44, A2,....,A, be closed sets in M. 


By De-Morgan’s law (A; U A; U....U An)? = Ay® NAD NN... NARS. 
(by theorem 4) 


Since each A; is closed A,‘ is open. 
Hence A,° N A,°N...N A,‘ is open. 
“ (A, U A3 U....U A,)* is open. 
Hence A, UA, U....U A, is closed. 


Note. The union of an infinite collection of closed sets need not be 
closed. For example, consider R with usual metric. 


Let A, = l, 1| where n = 1,2,.... 


Then U21 An = U a = ju a u Ea Ue 
= (0,1] which is not closed in R. 
~ UP, An is not closed. 


Theorem 12. Let M be a metric space and M, bea subspace of M. Let 
F, S M,. Then F; is closed in M, iff there exists a set F which is closed 
in M such that FÆ = F N M}. 


Proof. Let F, be closed in M4. 
.. M, — F, is closed in M4. 
«~ M, — F, = A N M,, where A is open in M. (by theorem 6) 
Now, F, = M; — (A N M,). 
= M, — A = A° N M4. 
Also, since A is open in M, A“ is closed in M. 
«~ F = F 1M, where F = A‘ is closed in M. 


Proof of the converse is similar. 
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4.6 CLOSURE 


Let (M, d) be a metric space. Let A € M. Consider the collection of all 
closed sets which contain A. This collection is non empty since at 
least M is a member of this collection. 


Definition. Let A be a subset of metric space (M, d). The closure of A, 
denoted by A is defined to be the intersection of all closed sets which 
contain A. 


Thus A = U{B|B is closed in M and A © B}. 


Note. Since intersection of any collection of closed set A 2 A. Also if B 
is any closed set containing A then A © B. Thus A is the smallest 
closed set containing A. 


Theorem 13. A is closed iff A = A. 
Proof. Suppose A = A. 
Since A is closed A is closed. 


Conversely, suppose A is closed. Then the smallest closed set 
containing A is A itself. 


~A=A. 
Note. In particular (i) 6 = (i)M=M (iii) A = 
Example 1. Consider R with usual metric. 


(a) Let A = [0,1]. We know that A is a closed set. 
< A = A = [0,1]. 
(b) Let A = (0,1). Then [0,1] is a closed set containing (0,1). 
Obviously [0,1] is the smallest closed set containing (0,1). 
- A = [0,1]. 


Example 2. In a discrete metric space (M, d) any subset A of M is 
closed. Hence A = A. 


Theorem 14. Let (M, d) bea metric space. Let A,B S M. 


Then (i) AC B>A 


Cc 
(ii) (AUB)=AU 
(iii) (ANB) =AN 


wI w wI 


Proof. (i) Let A & B. 


Now,B2B2A 
-. B is a closed set containing A. 
But A is the smallest closed set containing A. 
“ASB. 
(ii)we have A S A UB. 
- AGCAUB. (by(i)). 
Similarly, B C AUB. 
- AUB CAUB. 
Now A is a closed set containing A and B is a closed set containing B. 
.. AUB isa closed set containing A U B. 


But A U B is the smallest closed set containing A U B. 


-AUBCAUB 
From (1) and (2) we get AUB SAUB 
(iii) Wehave ANB CA. 
ANBCA. (by (i). 


Similar, AN B CG B. 


ABCANB. 


DdD 


Note. A N B need not be equal to AN B. 
For example in R with usual metric, take A = (0,1) and = (1,2). 


Then ANB =È. 


But, AN B = [0,1] n [1,2] = {1}. 
~ANBH#ANB. 


Note. In a metric space (M, d) if E, F,...., En are subset of M then 
E U E, U ....U En. = E1 UE, ....U En. This is an extension of result (ii) 
of theorem 2.14. 
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4.7 LIMIT POINT 


In this section we introduce the concept of limit point of a set. This 
concept can be used to characterize closed sets and describe the 
closure of a set. 


Definition. Let (M, d) be a metric space. Let A © M. Let x € M. Then x 
is called a limit point or a cluster point or an accumulation point of A if 
every open ball with center x contains at least one point of A different 
from x. 


i.e.) B(x,r) N (A — {x}) # ® forallr > 0. 


The set of all limit points of A is called the derived set of A and is 
denoted by D(A). 


Note. x is not a limit point of A iff there exists an open ball B(x,r) 
such that B(x,r) N (A — {x}) = ®. 


Example 1. Consider R with usual metric. 


(a) Let A = [0,1]. 
Any open ball with center 0 is of the form (—r,1r) which contains a 
point of [0,1) other that 0. 
Hence 0 is a limit point of [0,1). 
Similarly 1 is a limit point of [0,1). 
2 is nota limit point of A, since 


(2 2 m $ >) n [0,1) = È.) n [0,1) = ©. 


In this case all points of [0,1] are limit points of [0,1) and no other 
points is a limit point. 


Hence D[0,1) = [0,1]. 
(b) Let A = (L5, t; o=, ai } Here 0 is a limit point of A. 
For, consider any open ball (—r,r) with center 0. 
Choose a positive integer n such that = <r. 
Then = E (-1,r). 


. (—r,r) contains a point of A which is different from 0. 


~ 0 is a limit point of A. 


1 is not a limit point of A since 


(1 a +3) n(A-{1}) = A A =. 


In fact any point except zero is not a limit point of A (verify). 
^ D(A) = {0}. 


(c) Consider Q. Any real number x is a limit point of Q, since any 
interval (x + r,x — r) contains infinite number of rational 
numbers. 


~ D(Q) =R. 

Example 2.In R x R with usual metric, D(Q x Q) = Rx R. 
The proof is similar to example (d) of 1. 
Example 3. Let (M, d) be a discrete metric space. 
Let A S M. Let x E€ M. 
Then B (x, =) n(A- {x} = {x} n (4 - {x} = ©. 
“. xis not a limit point of A. 
Since x € M is arbitrary A has no limit point. 

~ D(A) = ©. 
Thus any subset ofa discrete metric space has no limit point. 
Example 4. Consider C with usual metric. 
Let A = {z||z| < 1}. 
Then D(A) = {z| |z| < 1}. 


Theorem 15. Let (M, d) be a metric space. Let A € M. Then x is a limit 
point of A iff each open ball with center x contains an infinite number 
of points of A. 


Proof. Let x be a limit point of A. 


Suppose an open ball B(x,r) contains only a finite number of points 
of A. 


Let B(x,r) A (A — {x}) = {%1, Xp, «12, Xp}. 
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Let 7, = min{d(x, x;)|i = 1,2, ...,n}. 
Since x + x;,d(x,x;) > 0 for alli = 1,2,...,n and hence r; > 0. 
Also B(x,r) N (A — {x} = È. 


< x is not a limit point of A which is a contradiction. 

Hence every open ball with center x contains infinite number of 
points of A. 

The converse is obvious. 


Corollary. Any finite subset of a metric space has no limit point. 
Proof. Let A be a finite subset of M. 


Suppose A has limit point say x. Then B(x,r) contains infinite 
number of points of A. This is a contradiction since A is finite. 


Theorem 16. Let M be a metric space and A © M. Then A = AU D(A). 
Proof. Let x € A U D(A). We shall prove that x € A. 
Suppose x ¢ A. 
x E€ M — A and since A is closed M — A is open. 
.. There exists an open ball B(x,r) E M — A. 

` B(x,r) nA = È. 
- B(x,r) nA =9. (sinceA C A) 
“x ¢ A U D(A) which is a contradiction. 

“xXEA. 

»AUD(A)GA oan (1) 
Now let x € A. To prove x € AU D(A). 
Ifx E€ A clearly x € AU D(A). 
Suppose x ¢ A. We claim that x € D(A). 


Suppose x ¢ D(A). Then there exists an open ball B (x, r) such that 
B(x,r) nA = È. 


-. B(x,r) 2 Aand B(x,7r)° is closed. 
But A is the smallest closed set containing A. 


<ASBOTY. 


But x € Aand x ¢ B(x,r)° which is a contradiction. 
Hence x € D(A). 

“x €EAUD(A). 
A CAWUD A) (2) 
From (1) and (2) we get A = AU D(A). 
Corollary 1. A is closed iff A contains all its limit points. 
i.e. A is closed iff D(A) C A. 
Proof. A is closed © A = A. 

© A=AUD(A) 

© D(A) CA. 

Corollary 2.x E€ A © B(x,r) NA + Ẹ forallr > 0. 
Proof. Let x € A, then x € AU D(A). 
“x €Aorx € D(A). 
Ifx € Athen x E B(x,r) NA. 
If x € D(A) then B(x,r) NA + @ forallr > 0. 
Hence in both cases B(x,r) NA # © forall r > 0. 
Conversely, suppose B(x,r) NA + @ forallr > 0. 
We have to prove that x € A. 
Ifx € A trivially x € A. 
Let x ¢ A. Then A — {x} = A. 
~ B(x,r) N (A — {x}) + È. 
«x € D(A). 
Axed, 
Corollary 3.x E€ A © GNA + © for every open set G containing x. 
Proof. Let x € A. 
Let G be an open set containing x. Then there exists r > 0 such that 


B(x,r) SG. 
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Also, since x € A, B(x,r) NA # ©. 
NOTES ~“GNA#®, 


Conversely, suppose G N A # ® suppose GN A + @ for every open 
set G 


containing x. 


Since B(x,r) is an open set containing x, we have B(x,r) NA + ®. 


“XEA, 
Example 1. Consider R with usual metric. 


(a) Let A = [0,1). 
Then A = AU D(A). 
= [0,1) u [0,1]. 
= [0,1]. 
(b) Let A = {15,2 yoyo 
Then A = AU D(A). 


le 
Vaga 


(c)Z=ZUD(Z). 


-. Zis closed. 


(d) Q = QUD(Q. 
=QUR=R. 
“. Qis not closed. 


Example 2. In R x R with usual metric. 
Q x Q = (Q x Q) U D(Q x Q). 
= (Q x Q) U (R x R). 
=RxR. 


~ Q x Q is not closed. 


SOLVED PROBLEM 


Problem 1. Prove that for any subset A of a metric space, d(A) = d(A) 
where d (A) is the diameter of A. 


Solution. We have A € A. 


(A) <d(A)_... (1) 


Self-Instructional material 


Now, let £ > 0 be given. We claim that d(A) < d(A) + e. 


Let x,y € A. 
1 1 
~B (x że) NA + andB (v.56) NA+ (by cor. 2) 
Let x, E B (x22) NAandx,€B (v.56) NA. 
x4 EB (x52) and x, E B (v.56). 
~ d(x,xı) < Ze and d (y, x2) < Ze, e (2) 
Also, x; E A and x, E A > d (x1, X2) < d (A). nan. (3) 
Now, d(x,y) < d(x, x1) + d(x1, X2) + d (y, x2). 
<Że+d(A)+že. (by (2) and (3)) 
=d(A) +€. 
Thus d(x,y) < d (A) + €. 
Lu. b.{d(x, y)|x,y € A} < d(A) +. 
Now, since £ is arbitrary, we have d(A) < d(A). ....... (4) 


By (1) and (4), we get d(A) = d(A). 


4.8 DENSE SETS 


Definition. A subset A of a metric space M is said to be dense in M 
or everywhere dense if A = M. 


Definition. A metric space M is said to be separable if there exists a 
countable dense subset in M. 


Example 1. Let M be a metric space. Trivially, M is dense in M. 
Hence any countable metric space is separable. 

Example 2. In R with usual metric Q is dense in R since Q = R. 
Further Q is countable. 

Hence R is separable. 

Example 3. Let M be a discrete metric space. 

LetA c MandA#M. 


Since A is closed, A = A. 
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. Ais not dense. 
NOTES Hence any uncountable discrete metric space is not separable. 


Example 4. In R x R with usual metric Q x Q is a dense set, since 
QxQ=RxXR. 


Also Q is countable and hence Q x Q is countable. 
. R x Ris separable. 


Theorem 18. Let M be a metric space and A € M. Then the following 
are equivalent. 


(i) A is dense in M. 

(ii) The only open set disjoint from A is M. 

(iii) The only open set disjoint from A is ®. 

(iv) A intersections every non-empty open-set. 
(v) A intersections every open ball. 


Proof. 
(i)> (ii). 
Suppose A is dense in M. 
Then A = M. 
Now, let F © M be any closed set containing A. 
Since A is the smallest closed set containing A, we have ACF. 
Hence M C F. (by (1)). 
~M =F. 
`- The only closed set which contains A is M. 
(ii)> (iii). Suppose (iii) is not true. 
Then there exists a non-empty open set B such that BN A = ®. 
-. B® is a closed set and B® 2 A. 
Further, since B + ® we have B° + M whichis a contradiction to (ii). 
Hence (ii)> (iii). 
Obviously (iii)= (iv). 


(iv)=>(v), since every open ball B(x,r) intersect A. 
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Then by corollary (2) of theorem 16, x € A. 


MEA. 


But trivially A S M. 


„A= M. 


^ Ais dense in M. 


SOLVED PROBLEM 


Problem 1. Give an example of a set E such that both E and E* are 
dense in R. 


Solution. Let E = Q. 


Since any open ball B(x,r) = (x — r,x + r) contains both irrational Q 
and Q°. 


Hence Q and Q¢ are dense in R. (by theorem 17) 


CHECK YOUR PROGRESS 


1. Show that [1,2] U [3,4] is open in R. 

2. When did the set of interior point of A is equal to the set 
A? 

Is {0} is open or not? 

Show that the set of irrational numbers is not open in R. 
Show that every subset of a discrete metric space is closed. 
Show that Z has no limit point. 


D Ulm W 
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ANSWER TO CHECK YOUR PROGRESS 
QUESTIONS 


Let M = Rand M; = [1,2] U [3,4]. Let A, = [1,2]. Then 
A, = [1,2] = G 3 N Mı. Therefore, (1,2) is open in M4. 


2'2 
Similarly [3,4] is open in M4. 

In a discrete metric space M, Int A = A for any subset A of M. 
In R with usual metric the set {0} is not an open set since, any 
open ball with center 0 is not contained in {0}. 

Proof is similar to that of example 7. 

Let (M, d) be a discrete metric space. Let A & M. Since every 
subset of a discrete metric space is open A‘ is open. 
Therefore, A is closed. 


Let x is an integer, then B (x, =) = (x — =) x+ 2) does not 


contain any integer other that x. Hence x is not a limit point of 
Z. If x is not an integer, let n be the integer which is closest to 
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x. Choose r such that 0 < r < |x — n|. Then B(x,r) = (x -—1r,x +r) 
contains no integer. Hence x is not a limit point of Z. Since x is 
arbitrary Z has no limit point. Therefore, D(Z) = ®. 


4.10 SUMMARY 


1. Let (M,d ) be a metric space. Let M, be a non-empty 
subset of M. Then M, is also a metric space with the same metric d. 
we Say that (M,,d) is a subspace of (M, d). 

2. Let (M,d) bea metric space. Let A € M. Let x € A. Then 
x is said to be an interior of A if there exists a positive real number r 
such that B(x,r) S A. 

3. The set of all interior points of A is called the interior of 
A and it is denoted by Int A. 

4. A is open iff A=Int A. In particular Int®=® and 
IntM =M. 

5. Let (M,d) be a metric space. Let A be a subet of M. Then 
A is said to be open in M if for every x € A there exists a positive real 
number r such that B(x,r) & A. 

6. In any metric space (M, d) each open ball is an open set. 

7. Inany metric space the union of any family of open sets 
is open. 

8. In any metric space the intersection of a finite number of 
open sets is open. 

9. Prove that any open subset of R can be expressed as the 
union of a countable number of mutually disjoint open intervals. 

10. In any metric space every closed ball is a closed set. 

11. In any metric space M, (i) ® is open, (ii) M is open. 

12. In any metric space M, (i) ® is closed, (ii) M is closed. 

13. In any metric space arbitrary intersection of closed sets 


is closed. 
4.11 KEYWORDS 
1. Subspaces: Let (M, d ) be a metric space. Let M, be a non-empty 


subset of M. Then M, is also a metric space with the same metric d. 
we Say that (M,,d) is a subspace of (M, d). 

2: Interior: Let (M,d) be a metric space. Let A & M. Let x € A. 
Then x is said to be an interior of A if there exists a positive real 
number r such that B(x,r) & A. 

3. Int A: The set of all interior points of A is called the interior of 
A and itis denoted by Int A. 

4, Open: Let (M, d) be a metric space. Let A be a subet of M. Then 
A is said to be open in M if for every x € A there exists a positive real 
number r such that B(x,r) € A. 


10. 


11. 


Equivalent: Let d and p be the two metrics on M. Then the metrics 
d and p are said to be equivalent if the open sets of (M, p) are the 
open sets of (M, d) and conversely. 

Closed: Let (M, d) be a metric space. Let A € M. Then A is said to 
be closed in M if the complement of A is open in M. 

Closed ball or closed sphere: Let (M,d) be a metric space. Let 
a € M. Let r be any positive real number. Then the closed ball or 
the closed sphere with center a and radius r, denoted by B,[a,r], 
is defined by B,la,r] = {x € M|d(a,x) < r}. When the metric d 
under consideration is clear we write B[a, 1] instead of Bala, r]. 
Closure: Let A be a subset of metric space (M, d). The closure of A, 
denoted by A is defined to be the intersection of all closed sets 
which contain A. 

Limit: Let (M, d) be a metric space. Let A € M. Let x € M. Then x 
is called a limit point or a cluster point or an accumulation point 
of A if every open ball with center x contains at least one point of 
A different from x. 

Derived set: The set of all limit points of A is called the derived set 
of A and is denoted by D(A). 

Dense: A subset A of a metric space M is said to be dense in M or 
everywhere dense if A = M. 


4.12 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 
1. Given an example of a metric space M and a non-empty proper 


ye Ona 


10. 


subspace M,of M such that every open set in M, is also an open 
set in M. 

Determine the interior of Z which is the subsets of R. 

Prove that any finite subset of a metric space is closed. 

Given an example to show that in a metric space closure of an 
open ball B(x,r) need not be equal to the corresponding closed 
ball B[x, 7]. 

Prove that the set of all limit points of a subset of a metric space is 
closed. 

Prove that any open ball is a non-empty open set. 

Prove that R” with usual metric is separable. 

With usual metric show that Q is dense in R. 

Prove that in a discrete metric space every set is both open and 
closed. 

Show that a set which is not closed is open. 
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5.0 INTRODUCTION 


The reader is familiar with the concept of convergent 
sequences and Cauchy sequences in R. In this chapter we generalize 
these concept to sequence in any metric space. 


5.1 OBJECTIVE 


After going through this unit, you will be able to: 


e Understand what is meant by complete. 
e Determine converges of a sequence and Cauchy sequence. 
e Discuss Baire’s Category theorem. 


5.2 COMPLETENESS 


Definition. Let (M, d) be a metric space. Let (xn) = x1,%X2,..,Xy,.. be 
a sequence of point in M. Let x E M. We say (xn) is converges to x if 
given € > 0 there exists a positive integer no such that d(x, x) < € 
such that for all n > no. Also x is called a limit of (xn). 


If (xn) converges to x we write lim,_,.. Xn = x or (Xn) > x. 


Note 1. (xn) > x iff for each open ball B(x,¢) with center x there 
exists a positive integer ng such that x, E€ B(x, £) forall n = no. 
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Thus the open ball B(x, €) contains all but a finite number of terms of 
the sequence. 


Note 2. (xn) > x iff the sequence of real numbers (d(x,,x)) > 0. 
Theorem 1. For a convergence sequence (xn) the limit is unique. 
Proof. Suppose (x) > x and (xn) > y. 


Let £ > 0 be given. Then there exist positive integersn, and nz 


such that d (xn, x) < Ze forall n > n; and d(xn, y) < Ze forall n = nz. 
Let m be a positive integer such that m > nj, nz. 
Then d(x,y) < d(x, Xm) + d (xm, Y). 
<iet+ ese. 
< d(x,y) < €. 
Since £ > 0 is arbitrary d(x, y) = 0. 
~ d(x,y) = 0. 
x y: 


Note. In view of the above theorem if (x,,) > x then x is called the 
limit of the sequence (xn). 


The connection between the limit of a sequence and limit of a 
sequence and limit point of a set is given in the following theorem. 


Theorem 2. Let M be a metric space and A € M. Then 


(i) x € A iff there exists a sequence (xn) of distinct points of A such 
that (xn) > x. 


(ii) x is a limit point of A iff there exists a sequence (x,,) of distinct 
points in A such that (xn) > x. 


Proof. Let x € A. 
Then x E€ AU D(A). (by theorem 16 in unit 4) 
~ x € Aandx € D(A) 


If x E A, then the constant sequence x,x,... is a sequence in A 
converging to x. 


If x € D(A) then the open ball B(x, 5 contains infinite number of 


points of A. (by theorem 15 of unit 4) 
< We can choose xp € B(x, 5 N A such that xn Æ X1, X2, .., Xn-1 
for each n. 


~ (xn) be a sequence of distinct points inA. 
Also d(x, x) < = for all n. 

litt, d (xn x) = 0. 

a (Xn) > x. 


Conversely, suppose there exists a sequence (x,,) in A such that 
(xn) > x. 


Then for any r > 0 there exists a positive integer ng such that 
d(Xn, x) <r foralln = no. 
~ B(x,r)nA +È. 


*. 06 A: (by corollary 2 of theorem 16 in unit 4) 


Further if (x,) is a sequence of distinct points, B(x,r) NA is 
infinite. 


« x € D(A). 
< xis a limit point of A. 


Definition. Let (M, d) be a metric space. Let (x„) be a sequence of points 
in M. (x,) is said to be a Cauchy sequence in M if given £ > 0 there exists 
a positive integer no such that d (Xm, Xn) < € forall m,n = no. 


Theorem 3. Let (M,d) be a metric space. Then any convergence 
sequence in M is a Cauchy sequence. 


Proof. Let (x„) be a convergent sequence in M converging to x € M. 


Let £ > 0 be given. 


P E z 1 
Then there exists a positive integer no such that d(x, x) < 5E 


forall n = no, 
d (Xm, Xn) < ACG xX) + d(x, Xm). 


1 T 
<ZEtZESE for all m,n = no, 
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Thus d (xn, Xm) < € forallm,n = no. 
“. (Xn) is a Cauchy sequence. 
Note. The converse of the above theorem is not true. 


For example, consider the metric space (0,1] with usual 
metric. 


© is a Cauchy sequence in (0,1]. 
But this sequence does not converge to any point. 


Definition. A metric space M is said to be complete if every Cauchy 
sequence in M converges to a point in M. 


Example1. R with usual metric is complete. This is a fundamental 
fact of elementary analysis and a proof of this fact is given is unit 13 


Note. The metric space (0,1] with usual metric is not complete (refer 
note given above) 


Example 2. C with usual metric is complete. 

Proof. Let (z,,) be a Cauchy sequence in C. 
Let Zn = Xn + iy, where Xn, Yn E R. 
We claim that (x,,) and (yp) are Cauchy sequence in R. 
Let € > 0 be given. 


Since (z,) is a Cauchy sequence, there exists a positive 
integer ng such that |z, — Zm| < £ forall n,m = no. 


Now, leon — Xml < |Zn — Zml and (Yn — Yml < |Zn — Zml. 


Hence |x, — xm| < £ for all nım > no and |y, — Yml < € for 
alln,m = no. 


"= (x,) and (yn) are Cauchy sequence in R. 


Since R is complete, there exists x, y E€ R such that (x,) > x 
and (Yn) > y. 


Letz = x + iy. We claim that (zn) > Z. 
We have |Z, — z| = |(xn + iyn) — (x + iy)| 


= |(xn — x) + in — y)| 


Now, let £ > 0 be given. 


Since (xn) > x and (yn) > y there exist positive integer nı 
and n, such that |x, — x| < Ze for all n > n; and |y, — y| < Ze for all 


n 2 ng. 
Let n3 = max{n,, nz}. 
From (1) we get |z, — z| < Ze + Ze = e foralln = nz. 
a (Zn) >Z. 
< Cis complete. 
Example 3. Any discrete metric space is complete. 
Proof. Let (M, d) be a discrete metric space. 


Let (x,,) be a Cauchy sequence in M. 


Fi ae z 1 
Then there exists a positive integer no such that d (xn, Xm) < 5 


for alln,m = no. 


Since d is the discrete metric distance between any two points 
is either 0 or 1. 


< d(Xn Xm) = 0 for all n,m = no. 
“Xn = Xn = X (Say) n = No. 
< d(xn x) = 0 forall n = no. 
^ (xn) > x. Hence M is complete. 
Example 4. R” with usual metric is complete. 
Proof. Let (xp) = (Xog R e Let € > 0 be given. 
Then there exists a positive integer no such that d(xp, Xq) <E 


for all p,q = no. 


1 
- BAA — e ie < € forall p,q = no. 


n pee = a) < £? forall p,q => no. 
-. For each k = 1,2, ...n we have 


[as = Xay < € forall p,q = no. 
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a (Xp) is a Cauchy sequence in R for each k = 1,2,...,n. 
NOTES Since R is complete, there exists yg € R such that (xp,) > Yr- 
Lety = (1, Yz, ++) Yn). We claim that (xp) >y. 


Since (xp) > Yk there exists a positive integer mg such that 
E 


[Xpy — Yel < = for all p = mx. 
Let mp = maxím, ..., My}. 
Then d(xp, y) = pace — al” 
< [n (E) 1% for all p = mo. 
=e forallp > mọ. 
Thus d(xp,y) <e forallp > mo. 
ʻ (xp) > y. Hence R” is complete. 


Example 5. l, is complete. 


Proof. Let (xp) be a Cauchy sequence in lp. 


Let (ay) = Com we bie Ns 


Let £ > 0 be given. Then there exists a positive integer ng 
such that d(xXp, Xq) < £ forall p,q = no. 


1 
(i. e.) paci — al] k < £e forall p,q = no. 


s Drail Xq,) < e? foral p,q =o. sae (1) 
For each n = 1,2,..... we have 

ie — Kal < € forall p,q = no. 

5 (xpn) is a Cauchy sequence in R for each n. 

Since R is complete, there exists y, € R such that 
(Apn) P Yn een (2) 


Lety = (V4, Yz, -s Yns =- ).- 
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We claim that y E l, and (xp) >y. 
For any fixed positive integer m, we have 


Let £ > 0 be given. Then there exists a positive integer ng such 


that d(xp, Xq) < € forall p,q 2 no. 
Enl Xp, = Xq,) < €? forallp,q 2 nọ. (using (1)) 
Fixing q and allowing p > œ in this finite sum we get 
Ean- Xq,) < £? forallq > nọ. (using (2)) 
Since this is true for every positive integer m 


Eran Xq,) < e? forall q 2 no sun (3) 
(oe) 1 o0 
Now, [Er=1 [ynl?]/2 = [Zits IYn — Xan + Xan 


00 1/ 00 1/ 
< pea Ya Teal | a4 bee [xgel? | (by 
Minkowski’s inequality) 


T 
<e+ Doa EPM ] Io forallg 2 nọ. (using (3)) 


Since xq € l, we have Psa [xgail? |? converges. 
[Seo yal? |’? converges. 

“yell. 

Also (3) gives d(y,x») <€ forall p > no. 

+ (%) >. 

Hence l, is complete. 


Note. A subspace of a complete metric space need not be complete. 


For example R with usual metric is complete. But the 
subspace (0,1] is not complete. (refer example 1). 


In the next theorem we give a necessary and sufficient 
condition for a subspace of a complete metric space to be complete. 
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Theorem 4. A subset A of a complete metric space M is complete iff A 
is closed. 


Proof. Suppose A is complete. 


To prove that A is closed, we shall prove that A contains all its 
limit points. 


Let x be a limit point of A. 


Then by theorem 2, there exists a sequence (xn) in A such 
that (xn) > x. 


Since A is complete x € A. 
< A contains all its limit points. 
Hence A is closed. 

Conversely, let A be a closed subset of M. 
Let (xn) be a Cauchy sequence in A. 


Then (xn) be a Cauchy sequence in M also and since M is 
complete there exists x E€ M such that (x,) > x. Thus (x,) is a 
sequence in A converging to x. 


Axe A, (by theorem 2) 
Now, since A is closed A = A. 
nx EA. 


Thus every Cauchy sequence (xn) in A converges to a point in 


« Ais complete. 


Note 1. [0,1] with usual metric is complete since it is a closed subset 
of the complete metric space R. 


Note 2. Consider Q. Since Q = R, Q is not a closed subset of R. 
Hence Q is not complete. 


Solved problems 


Problem 1. Let A, B be subsets of R. Prove that A x B = A x B. 
Solution. Let (x,y) E A x B. 


. There exists a sequence ((xn Yn))EAXB such that 
(o Yn)) > (x,y). (by theorem 2) 


~ (Xn) > (x) and Wn) > O). 
Also, (xn) is a sequence in A and (yn) is a sequence in B. 


.x€AandyeB. (by theorem 2) 


Now, let (x,y) E AX B. 
.x€AandyeB. 


~ There exists a sequence (x,) in A and a sequence (yp) in 
B such that (xn) > (x) and (yp) > (y). 


^ ((Xn Yn)) is a sequence in A x B which converges to (x,y). 
a (x,y) EA XB. 
SAXBEAXB.- un (2) 
: By (1) and (2) we get A x B = A x B. 
Theorem 5. (Cantor’s Intersection Theorem) 


Let M be a metric space. M is complete iff for every sequence (F,,) of 
non-empty closed subsets of M such that 


F 2 F 2- 2 K 2 -and (d(F,)) > 0. NF, Fn is nonempty. 
Proof. Let M be a complete metric space. 

Let (F) be a sequence of closed subsets of M such that 

A252 2Ę2 (1) 

And (d(F,)) > 0. wn Z) 

We claim that ()?_, F, is nonempty. 

For each positive integer n, choose a point x, E Fn. 

By (1), Xn, Xn41 Xn+2 + all lie in A. 


(i.e.) xm E F, for all m = n. (3) 
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Since d((F,,)) > 0, given € > 0, there exists a positive integer 
No, such that d(F,) < e forall n = no. 


Inparticular,d(F,)<€ aes (4) 
~ d(x,y) < € forall x,y E F. 

Now, Xm E F,, forallm > no. (by (3)) 
“M,N Z No > Xm Xn E Fn: 

d(Xm: Xn) <£. (by (4)) 

^ (xn) is a Cauchy sequence in M. 


Since M is complete there exists a point x E M such that 
(xn) > x. 


We claim that x € Nn=1 F,. 


Now, for any positive integer n, Xn, Xn+1, Xn+2, =. İS a sequence 
in F, and this sequence converges to x. 


nx E€ F. (by theorem 2) 

But F, is closed and hence F, = Fy. 

aexERe 

nx E N1 E 

Hence Ng-1 F, # ®. 

To prove the converse let, (x,,) be any Cauchy sequence in M. 
let Fi = ee eee ee $- 


Fz = {X3, X3, a, Xns = fo 


E= {ka lran 
Clearly A 2 R 2-2 R2- 


an F,2F,2--2Ff, 


IlU 


.. (F,) is a decreasing sequence of closed sets. 


Now, since (xn) is a Cauchy sequence, given € > 0 there exists 
a positive integer ng, such that d (Xm, Xn) < € forall n,m = no. 


.. For any integer n = no, the distance between any two points 
of F, is less than €. 


~ d(F,) <€ forall n = no. 

But d(F,) = d(F,). 

“a y<e.  foraln no. xu (5) 

~ (d(F,)) > 0. 

Hence (\7_, Å, # ©. 

Let x € NX F,. Then x and x, € Ñ. 
aye) aE). 

~ d(Xn, X) < E foralln > nọ. (by (5)) 
n (Xn) > x. 

.. M is complete. 

Note 1. In the above theorem N%-1 Fn contains exactly one point. 
For, suppose that )_, F, contains two distinct points x and y. 
Then d(F,) = d(x,y) for all n. 
~. (d(F,)) does not tend to zero which is a contradiction. 
“~ Nž=1 M contains exactly one point. 


Note 2. In the above theorem ()7_, F may be empty if each F, is not 
closed. 


For example, consider F, = (0, 5 in R. 


CIPAR ia Bae e ane (d(F,)) = 6) >0 as 


n 
n > oo. 


But NL; F, = ®. 


Note 3. In the above theorem ()7_, A may be empty if the hypothesis 
(d(F,)) > 0 is omitted. 


For example, consider F, = [n, œ) in R. 
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Clearly (F,) is a sequence of closed sets and F, 2 F 2- 2 
F,2-. 


Also N71 F, = ®. 


Here, d(F,) =o for all n and hence the hypothesis 
(d(F,)) > 0 is not true. 


5.3 BAIRE’S CATEGORY THEOREM 


In this section we prove a fundamental property of complete 
metric space called Baire’s Category theorem. 


Definition. A subset A of a metric space M is said to be nowhere 
dense in M if Int A = ©. 


Definition. A subset A of a metric space M is said to be of first 
category in M if A can be expressed as a countable union of nowhere 
dense sets. 


A set which is not of first category is of second category. 


Note. If A is of first category then A = UF_, En where E, is nowhere 
dense subsets in M. 


Example 1. In R with usual metric A = (L54, ao, ....} is nowhere 


dense. 


For, A = AU D(A) = {0,1, 


NIH 


Clearly, Int A = ®. 


Example 2. In any discrete metric space M, any non-empty subset A 
is not nowhere dense. 


For, in a discrete metric space every subset is both open and 
closed. 


« A=IntA=IntA=A. 
Int A +Ò. 
.. Ais not nowhere dense. 


Example 3. In R with usual metric any finite subset A is nowhere 
dense. For, let A be any finite subset of R. 


Then A is closed and hence A = A. 


Also since A is finite, no point of A is an interior point of A. 


. Int A = Int A= ®. 
.. A is nowhere dense. 


Note. If A and B are sets of first category in a metric space M then 
A U B is also of first category. 


For, since A and B are of first category in M we have 
A = Ux, En and B = U?_, Hn where E, and H, are nowhere dense 
subsets in M. 


-. AU B is a countable union of nowhere dense subsets of M. 
(refer theorem 7 of unit 1) 


Hence A U B is of first category. 


We now give equivalent characterizations for nowhere dense 
sets. 


Theorem 6. Let M be a metric space and A € M. Then the following 
are equivalent. 


(i) A is nowhere dense in M. 

(ii) | A does not contain any non-empty open set. 

(iii) Each non-empty open set has a non-empty open subset 
disjoint from A. 

(iv) Each non-empty open set has a non-empty open subset 
disjoint from A. 

(v) | Each non-empty open set contains an open sphere disjoint 
from A. 
Proof is left as an exercise to the reader. 


Theorem 7. (Baire’s Category Theorem) 
Any complete metric space is of second category. 
Proof. 
Let M be a complete metric space. 
We claim that M is not of first category. 
Let (An) be a sequence of nowhere dense sets in M. 
We claim that UZ_, An # M. 


Since M is open and A, is nowhere dense, there exists an 
open ball say B, of radius less that 1 such that B, is disjoint from 44. 
(refer theorem 3.6) 
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. e l 
Let F} denote the concentric closed ball whose radius is 5 


times that of B4. 


Now Int F; is open and A, is nowhere dense. 


.. Int F; contains an open ball B, of radius less than : such that 


B, is disjoint from Aj. 


ee ee ee 
Let F, be the concentric closed ball whose radius is z times 


that of B,. Now Int F, is open and A; is nowhere dense. 


.. Int F, contains an open ball B, of radius less than - such that 


B, is disjoint from A3. 
Let F} denote the concentric closed ball whose radius is - 
times that of B3. 


Proceeding like this we get a sequence of non-empty closed 
balls exists a point xinM such that 


F, DF, 2+ 2 R, 2 += and d(R,) < 


Hence (d (F,)) > O asn > o. 


Since M is complete, by Cantor’s intersection theorem, there 
exists a pointx in M such that x € N?_, Fn. 


Also, each F, is disjoint from Ap. 

Hence x ¢ An forall n. 

ox € US An. 

Uy, An + M. Hence M is of second category. 
Corollary. R is of second category. 


Proof. We know that R is a complete metric space. Hence R is of 
second category. 


Note. The converse of the above theorem is not true. 


i.e.) A metric space which is of second category need not be 
complete. 


For example, consider M = R—Q, the space of irrational 
numbers. 


We know that Q is of first category. 


Suppose M is of first category. Then M U Q = Ris also of first 
category which is contradiction. 


Also M is not a closed subspace of R and hence M is not 
complete. 


SOLVED PROBLEMS 


Problem 1. Prove that any nonempty open interval (a,b) in R is of 
second category. 


Solution. Let (a, b) be a non-empty open interval in R. 
Suppose (a, b) is of first category. 
Now, [a,b] = (a,b) U {a} U {b}. 
~ [a,b] is of first category. 


But [a,b] is a complete metric space and hence is of second 
category which is a contradiction. 


<“. (a, b) is of second category. 


Problem 2. Prove that a closed set A in a metric space M is nowhere 
dense iff A‘ is everywhere dense. 


Solution. Let A be a closed set in M. 


Suppose A is nowhere dense in M. 

-ntA=o®. 

“IntA=@®. (by(1)) .... (2) 

Now we claim that A€ = M. 

Obviously, A€ S M. ae (3) 

Now, let x € M. Let G be any open set such that x E G. 
Since Int A = ®, we have G ¢ A. 

~ GNA. 

ax EAs. 


.. A is everywhere dense in M. 
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Conversely let A° be everywhere dense in M. 
Ac =M. 

We claim that Int A = ©. 
Let G be any non-empty open set in M. 
Since A = M, we have G N Ao + È. 
~G A. 
.. The only open set which is contained in A is the empty set. 
“IntA=®. 
-IntA=®. (by (1)) 


.. Ais nowhere dense in M. 


CHECK YOUR PROGRESS 


1. IfA and B are closed subset of R prove that A x B is a closed 
subset in R x R. 

2. Consider R with usual metric. Show that in any singleton set {x} is 
nowhere dense. 


5.4 ANSWER TO CHECK YOUR PROGRESS 
QUESTIONS 
1. Since A and B are closed sets we have A = A and B = B. 


Now,A xB =4AxB _ = AxB (by problem 1). Therefore, 

A x B is a closed set. 

2. Consider R with usual metric. Any singleton set {x} is 
nowhere dense. Therefore, any countable subset of R begin a 
countable union of singleton sets is of first category. In particular Q is 
of first category. (refer theorem 3) 


5.5 SUMMARY 


1. Let (M, d) be a metric space. Let (xn) = X1, X2, =., Xn, -= bea 
sequence of point in M. Let x € M. We say (xn) is converges to x if 
given £ > 0 there exists a positive integer ng such that d(x, x) < € 
such that for all n > no. Also x is called a limit of (x,,). 


2. (xn) > x iff for each open ball B (x, €) with center x there 
exists a positive integer no such that x, € B(x, £) forall n = no. 
3. (xn) > x iff the sequence of real numbers (d(x, x)) > 0. 
4. For a convergence sequence (x,,) the limit is unique. 


5. Let (M,d) bea metric space. Then any convergence sequence in 
M is a Cauchy sequence. 
6. A subset A of a complete metric space M is complete iff A is 


closed. 

7. Any complete metric space is of second category. 
5.6 KEYWORDS 

6. Converges: Let (M,d) be a metric space. Let (x,) = 
Xis X2, =, Xn, = be a sequence of point in M. Let x E M. We say 
(xn) is converges to x if given € > 0 there exists a positive 
integer ny such that d (xp, x) < € such that for all n > no. 

7. Cauchy sequence: Let (M,d) be a metric space. Let (x,) be a 
sequence of points in M. (x,,) is said to be a Cauchy sequence 
in M if given € > 0 there exists a positive integer no such that 
d(Xm, Xn) < € for all m,n = no. 

8. Complete: A metric space M is said to be complete if every 
Cauchy sequence in M converges to a point in M. 

9. Nowhere dense: A subset A of a metric space M is said to be 
nowhere dense in M if Int A = ®. 

10. First category: A subset A of a metric space M is said to be of 
first category in M if A can be expressed as a countable union 
of nowhere dense sets. 

11.Second category: A set which is not of first category is of 
second category. 

5.7 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 

1. Show that R with usual metric is complete. 

2. Show that [0,1] with usual metric is complete. 

3. Prove that any discrete metric space is complete. 

4. Show that R is of second category. 

5. Prove that union of a countable number of sets which are of 
first category is again of first category. 

6. Prove that R” with each of the following metric is complete. 
d(x,y) = max{|x; — yil | i = 1,2, ...n}. 

b. d2(x%,y) = Lizalx; — yıl. 

7. Prove that l, is a complete metric space for any p 2 1. 
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UNIT-VI CONTINUITY 


STRUCTURE 


6.0 Introduction 

6.1 Objectives 

6.2 Continuity 

6.3 Homeomorphism 

6.4 Uniform Continuity 

6.5 Answers to Check Your Progress Questions 
6.6 Summary 

6.7 Keywords 

6.8 Self Assessment Questions and Exercises 


6.9 Further Readings. 


6.0 INTRODUCTION 


In unit 5, we discussed the concept of convergence of a 
sequence in any metric space. The definition of continuity for real 
valued functions depends on the usual metric of the real line. Hence 
the concept of continuity can be extended for functions defined from 
one metric space to another in a natural way. 


6.1 OBJECTIVES 


After going through this unit, you will be able to: 


e Understand what is meant by continuous. 
e Determine homeomorphism. 
e Discuss uniform continuity. 


6.2 CONTINUITY 


Definition. Let (M4, d4) and (M2, d2) be metric spaces. Let f: M, > M3 
be a function. Let a, E M, and l E€ M3. The function f is said to have limit 
as x > a if given £ > 0 there exists 6 > 0 such that 0 < d4 (x,a) < ô => 
d (f (x), D) < £. We write lim,_,, f(x) = L 
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Definition. Let (M,,d,) and (M,,d,) be two metric spaces. Let 
a E M,. A function f: M, > M, is said to be continuous at a if given 
€ > 0, there exists ô > 0 such that d,(x,a) < 6 = d (f (x), f (a)) < 
E. 


f is said to be continuous if it is continuous at every point of M4. 
Note 1. f is continuous at a iff limpa f(x) = f (a). 


Note 2. The continuous d,(x,a) < 6 = d,(f(x), f(a)) < € can be 
rewritten as 


(i) x E B(a, 8) => f (x) E BU (a), £) or 
(ii) f (B (a, 8)) E B(f (a), £). 


Example1. Let (M1, dı) and (M,, d2) be two metric spaces. Then any 
constant function f: M, > M, is continuous. 


Proof. Let f: Mı > M, be given by f(x) = a, where a € M, is a fixed 
element. 


Let x € M, and e > 0 be given. 

Then for any ô > 0, f(B(x,6)) = {a} S B(ae). 
~ f is continuous at x. 

Since x € M, is arbitrary, f is continuous. 


Example 2. Let (M,,d,) be a discrete metric space and let (M3, d2) be 
any metric space. Then any function f: M, > M, is continuous. 


i.e. Any function whose domain is a discrete metric space is 
continuous. 


Proof. Let x E M, and e > 0 be given. 
Since M, is discrete for any ô < 1, B(x, 6) = {x}. 

+ f(B(,6)) = {FD} E BEE), £) 
.. f is continuous at x. 


We now give a characterization for continuity of a function at a point 
in terms of sequences converging to that point. 


Theorem 1. Let (M,,d,) and (M,,d,) be two metric spaces. Let 
aéM,. A function f:M, > M, is continuous at a iff (x%,) >a 


= (f(%n)) > f(a). 


Proof. Suppose f is continuous at a. Let (x,) be a sequence in M, 
such that (x,,) > a. 


We claim that (f (%n)) > f(a). 


Let £ > 0 be given. By the definition of continuity, there exists ô > 
Osuch that d,(x,a) <6 = da (f(A, f(a))<& oa (1) 


Since (X%,) > a, there exists a positive integer ng such that 
dı (xn a) < 6 foralln = no. 


~ da (f (xn), f(a) < £ forall n > no (by (1)) 
+ f@n)) > f(a). 

Conversely, suppose (xn) > a > (f(%n)) > f(a). 

We claim that f is continuous at a. 


Suppose f is not continuous at a. 


Then there exists an € > 0 such that for all 6 > 0, f (8 (a, +) ¢ 
B(f (a), €). 


In particular f (2 (a, *)) ¢ B(f(a),¢€) 
Choose x,, such that x, € B (a, 2) and f (xn) € B(f (a), £). 


^ dy (Xp, a) << and d2(f (xn), f (a)) 2 €. 


~ (xn) >a and (f(x,)) does not converges to f(a) which is a 
contradiction to the hypothesis. 


.. f is continuous at a. 


Corollary. A function f:Mı > M, is continuous iff (x,)>x 


= (f(n)) > F(x). 
We now characterize continuous mapping in terms of open sets. 


Theorem 2. Let (M,,d,) and (M,,d,) be two metric spaces. 
f:M, > M, is continuous iff f~1(G) is open in M; whenever G is 
open in M3. 


(i.e.) f is continuous iff inverse image of every open set is open. 


Proof. Suppose f is continuous. 
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Let G be an open setin M3. 

We claim that f~*(G) is open in M4. 
If f~1(G) is an empty, then it is open. 
Let f-1(G) # ©. 

Let x E f~1(G). Hence f(x) E€ G. 


Since G is open, there exists an open ball B(f(x),€) such that 


B(f (X), E) EG. wis (1) 


Now, by definition of continuity, there exists an open ball B(x, ô) 
such that f (B(x,8)) E B(f (x), €). 


- f(B(x,8)) SG. (By (1). 
< B(x,8) Sf (G): 
Since x E€ f~1(G) is arbitrary, f~*(G) is open. 


Conversely, suppose f~1(G) is open in M, whenever G is open in M). 
We claim that f is continuous. 


Let x E€ M,. 

Now, B(f (x), €) is an open set in Mp. 

 f-1(BCf (x), €)) is open in M, and x E€ f71(B(f (x), €)). 

.. There exists ô > 0 such that B(x,d6) © f (BEG), é)). 
~ f (B(x, 6)) E B(f (x), £). 

~ f is continuous at x. 

Since x E€ M, is arbitrary f is continuous. 


Note 1. If f: M; > M, is continuous and G is open in M4, then itis not 
necessary that f (G) is open in M, 


i.e.) Under a continuous map the image of an open set need not be 
an open set. 


For example let M, = R with discrete metric and let M, = R with 
usual metric. 


Let f: M, > M, be defined by f(x) = x. 


Since M4 is discrete every subset of M4 is open. 


Hence for any open subset G of M;, f~1(G) is open in M4. 
~. f is continuous. 
Now, A = {x} is open in M4. 


But f(A) = {x} is not open in M3. 


Note 2. In the above example f is a continuous bijection whereas 
f~1:M, > M, is not continuous. 


For, {x} is an open set in M4. 

(FTD ECx} = {x} which is not open in M3. 

.. fTt is not continuous. 

Thus if f is a continuous bijection, f~+ need not be continuous. 


We now give yet another characterization of continuous functions in 
terms of closed sets. 


Theorem 3. Let (M,,d,) and (M2,d,) be two metric spaces. A 
function f:Mı > M, is continuous iff f~1(F) is closed in Mı 
whenever F is open in M3. 


Proof. Suppose f: M; > M, is continuous. 
Let F © M, bean closedin M3. 

« F° is open in M3. 

 f1(F°) is open in M4. 

But f-*(F°) = [f-*(F) If. 

f~1(F) is closed in M4. 


Conversely, suppose f~1(F) is closed in M, whenever F is closed in 
M,. We claim that f is continuous. 


Let G is an open set in M3. 

< G° is closed in M3. 

- f-*(G°) is closed in M4, 

~ [f-*(G°)]° is closed in M4. 


«<. f-1(G) is open in M4, 
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~- f is continuous. 


We give one more characterization of continuous function in terms 
of closure of a set. 


Theorem 4. Let (M,,d,) and (M,,d,) be two metric spaces. Then 
f:Mı > M, is continuous iff f(A) € f(A) forall A S M4. 


Proof. Suppose f is continuous. 

Let A © M,. Then f(A) S Mp. 

Since f is continuous, f~'(f (A) ) is closed in M4. 
Also, f-1(f(A) ) 2A (since f(A) 2 f(A)). 
But A is the smallest closed set containing A. 

hf A) ) 24. 

~ f(A E f(A). 

Conversely, let f(A) & f(A) for all A & M4. 


To prove that f continuous, we shall show that if F is a closed set in 
M,, then f~*(F) is closed in M4. 


By hypothesis, f (f-1(F)) S ff-1(F) 
cF. 

=F (Since F is closed). 

Thus f(f-1(F)) E F. 

~ fF) EF. 


Also 

fE) S fiC). 

n f (F) = f (PF). 
Hence f~1(F) is closed. 


~- f is continuous. 


Solved problems 


Problem1. Let f be a continuous real valued function defined on a 
metric space M. Let A = {x E€ M|f (x) = 0}. Prove that A is closed. 


Solution. A = {x € M|f (x) = 0}. 
= {x € M|f (x) € [0, ~)}. 
= f~*([0, œ)). 
Also, [0, œ) is a closed subset of R. 
Since f is continuous, f-*([0, œ) ) is closed in M. 
-. Ais closed. 


Problem 2. Show that the function f: R > R defined by 


0 if x is irrational 
1if xis rational 


fa =| 


is not continuous by each of the following methods. 


(i) By the usual £, ô method. 

(ii) By exhibiting a sequence (x,) such that (x,) > x and 
(f (xn)) does not converge to f (x). 

(iii) By exhibiting an open set G such that f~*(G) is not open. 

(iv) By exhibiting closed subset F such that f~*(F) is not 
closed. 

(vV) By exhibiting an subset A of R such that f(A) ¢ f(A). 


Solution (i). To prove that f is not continuous at x we have to show 
that there exists an £ >0 such that for all 6>0, f(B(x,6)) ¢ 


B(f (x), £). 
Lete = = 
2 
For any 6 >0,B(x,6) = (x—6,x + ô) contains both rational and 
irrational numbers. 


If x is rational, choose y € B(x,6) such that y is rational. 
Then | f(x) — f(y)| = 1. (by definition of f). 
(ie) d(f(x), f(y) = 1. 

a fO) EB), 
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Thus y € B(x, ô) and f(y) ¢ B(f(x),5) 


NOTES -. f (B(x, 8)) £ B(f (x), €). 


Hence f is not continuous at x. 


(ii) Let x € R . Suppose x is rational. Then f(x) = 1. Let (x,) be a 
sequence of irrational numbers such that (xn) > x. 


Then (f(x,)) > 0 and f(x) = 1. 
~. (f (xn)) does not converge to f (x). 


Proof is similar if x is irrational. 


(iii) LetG = (5,5). Clearly G is open in R. 
Now, f~1(G) = {x € RIf (x) E€ G}. 


= fee rjw €(5,5)} 
=Q. 
But Q is not open in R. 
Thus f~1(G) is not open in R. 
~. f is continuous. 
(iv) Choose F = 5,5] 
Then, f~1(F) = Q which is not closed in R. 
.. f is not continuous. 

(v) LetA = Q.ThenA=R. (refer example1) 
f(A) = f(R) = {0,1} (by definition of f). 
Also, f(A) = f(Q = {1}. 

+ f(A) = {1} = {1}. 
= f(A) £ f(A). 


~. f is not continuous. 


Problem 3. Let M,,M,,M3 be metric spaces. If f:M, > M, and 
g: Mz > M, are continuous functions, prove that g ° f:M, > M3 is 
also continuous. 


(i-e.) composition of two continuous functions is continuous. 
Solution. Let G be open in M3. 

Since g is continuous, g~*(G) is open in M3. 

Now, since f is continuous, f~*(g~*(G) ) is open in M4. 


(i.e.) (g o f)71(G) is open in M4. 
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<“. g ° f is continuous. 


Problem 4. Let M be a metric space. Let f:M —> R and g:M > R be 
two continuous functions. Prove that f + g:M > Ris continuous. 


Solution. Let (x„) be a sequence converging to x in M. 


Since f and g are continuous functions, (f(%,)) > f(x) and , 


(9(n)) > g). 

= (Fn) + In) > FO) + g(x). 
(ie), (F + 9)Gn)) > F + 9) 
~. f + g is continuous. 


Problem 5. Let f, g be continuous real valued functions on a metric 
space M. Let A = {x|x € M and f(x) < g(x)}. Prove that A is open. 


Solution. Since f and g are continuous real valued function on 
M, f — g is also a continuous real valued function on M. 


Now A = {x E€ M| f(x) < g(x)}. 
= {x € M| f(x) — g(x) < 0}. 
= {x E€ M| (f -g9)&Œ) < 0} 


= {x E€ M| f — g)x € (—~, 0)} 


= (f — g) *{C, 0)}. 

Now, (—©, 0) is open in R, and f — g is continuous. 
Hence (f — g)~*{(—™, 0)} is open in M. 

~ Ais openin M. 


Problem 6. If f: R > R and g: R > R be two continuous functions on 
Rand if h: R? > R? is defined by h(x, y) = (f(x), g(y)) prove that h 
is continuous on R?. 


Solution. Let (xn, Yn) be sequence in R? converging to (x, y). 
We claim that (h(xn, Yn)) converges to h(x, y). 

Since (Œn Yn)) > (x,y) in R?, (xn) > x and (yn) > y in R. 
Also f and g are continuous. 


= (fn) > f) and (gQn)) > gO). 
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= AEn) IO) > F@,90))- 
an (h&n Yn)) > h(x, y). 
.. his continuous on R?. 


Problem 7. Let (M,d) be a metric space. Let a E M. Show that the 
function f: M > R defined by f(x) = d(x, a) is continuous. 


Solution. Let x € M. 

Let (x„) be a sequence in M such that (xn) > x. 

We claim that (f (Xn)) > f(x). 

Let € > 0 be given. 

Now, |f n) — fœ) = ld (xn, a) — d(x, a)| < dp, x). 


Since, (xn) > x, then there exists a positive integer n, such that 
d(x x) < €foralln > n. 


~ Ifan — fO < € foralln > n. 
a (f@n)) > F. 
«~. f is continuous. 


Problem 8. Let f be a function from R? onto R defined by f (x, y) = x 
for all (x, y) € R?. Show that f is continuous in R?. 


Solution. Let (x, y) E€ R°. 

Let ((Xn, Yn)) be a sequence in R*converging to (x, y). 
Then (xn) > x and (yp) > y. 

= (FfOn Yn)) = On) > x =f (x,y). 

“(Fn Yn) > f(y). 

~. f is continuous. 


Problem 9. Define f:l, > l, as follows. If s El, is the sequence 
S1,S2,+. let f(s) be the sequence 0,5j,53,.... Show that f is 
continuous on l}. 


Solution. Let y = (y1, Yz, Vy») E by. 


Let (xn) be a sequence in l, converging to y. 


Leta, = Oita ipe]: 

Then (Xn,) > Yu (Xn) > Vor (Xing) D Vier 

2G) = (Outer) > Oper) = 
fO). 

* F@n) > fO). 

~. f is continuous. 


Problem 10. Let G be an open subset of R. Prove that the 
lif xEG., 


characteristic function on G defined by yg(x) a faeo" 


continuous at every point of G. 

Solution. Let x € G so that y(x) = 1. 

Let € > 0 be given. 

Since G is open and x E G, we can find a 6 > 0 such that B(x, 5) E G. 
^ Xa(B(x,8)) E x¢(G). 

= {1}. 

c B(1,8). 

Thus Xe(B(x, 8)) C B(xg(x),£). 

* Xg is continuous at x. 


Since x E G is arbitrary, xç is continuous on G. 


6.3 HOMEOMORPHISM 


Definition. Let (M,,d,) and (M,,d,) be metric spaces. A function 
f:Mı > M, is called a homeomorphism if 


(i) f is 1-1 and onto. 
(ii) f is continuous. 
(iii) f 71 is continuous. 


M, and M, are said to be homeomorphic if there exists a 
homeomorphism f: Mı > M). 


Definition. A function f: M — M, is said to be an open map if f (G) is 
open in M, for every open set G in M4. 
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i.e. is an open map if the image of an open set in M, is an open set 
p p 8 p 1 p 
in M3. 


f is called a closed map if f (F) is closed in M, for every closed set F 
in M,. 


Note 1. Let f:Mı > M, be a 1-1 onto function. Then f~t is 
continuous iff f isan open map. 


For, f~* is continuous iff for any open set G in M,(f~+)~1(G) is open 
in M3. 


But (f7) (G) = f(G). 

.. f+ is continuous iff for every open set G in M4, f (G) is open in M3. 
.. ft is continuous iff f is an open map. 

Note 2. Similarly f~* is continuous iff f is a closed map. 


Note 3. Let f: Mı > M, be a 1-1 onto map. Then the following are 
equivalent. 


(i) f is homeomorphism. 
(ii) f is continuous open map. 
(iii) f is acontinuous closed map. 


Proof. (i) @(ii) follows form Note 1 and the definition of 
homeomorphism. 


(i) (iii) follows form Note 2 and the definition of homeomorphism. 


Note 4. Let f: Mı > M, be a homeomorphism. G € M, is open in M, 
iff f (G) is open in M3. 


For, since f is an open map G is open in M, > f (G) is open in M}. 


Also since f is continuous, f (G) is open in M, > f~1(f(G)) =G is 
open in M4. 

< G is open in M4 iff f (G) is open in Mg.  — .... (1) 
Conversely, if f: Mı > M, is a 1-1 onto map satisfying (1) then f is 
homeomorphism. 


Thus a homeomorphism f:M, > M, is simply a 1-1 onto map 
between the points of the two spaces such that their open sets are 
also in 1-1 correspondence with each other. 


Note 5. Let f:Mı > M) be a 1-1 onto map. Then f is a 
homeomorphism iff it satisfies the following condition. 


F is closed in M, iff f (F) is closed in M, . 


Example 1. The metric spaces [0,1] and [0,2] with usual metric are 
homeomorphic. 


Proof. Define f: [0,1] > [0,2] by f(x) = 2x. 
Clearly, f is 1 — 1 and onto. 

Also f~1(x) = =x. 

We note that f and f~t are both continuous. 
<. f is homeomorphism. 


Example 2. The metric spaces (0,0) and R with usual metrics are 
homeomorphic. 


Proof. f:(0,0)-R by f(x)=log.x is the required 
homeomorphism. Here f~*(x) = e*. 


Example 3. The metric spaces Ga) and R with usual metric are 
homeomorphic and f: CD > R defined by f(x) = tanx is the 
required homeomorpism. 


In this example, SD is not a complete metric space whereas R is 


complete. 


This shows that completeness of metric spaces is not preserved 
under homeomorphism. 


Example 4. The metric spaces (0,1) and (0, 0) with usual metrics are 
homeomorphism. 


Proof. Define f: (0,1) > (0,0) by f(x) =—— 


1-x 
We claim that f is 1-1 and onto. 
Let f(x) = f(y). 
. 2 
“4-x 7 1-y' 
^ X — Xy = y — Xy. 


“x = y. Hence f is 1-1. 
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Let y E (0,0). 


NOTES -f@=yatey. 


> y — xy = xX. 


>x(1+y)=y. 
>x=—, 
1+y 


5 = € (0,1) is the preimage of y under f. 


Clearly f and f~1 are continuous. 
~- f is homeomorphism. 


Example 5. R with usual metric is not homeomorphic to R with 
discrete metric. 


Proof. Let M, = R with usual metric. 

Let M, = R with discrete metric. 

Let f: M, > M, be any 1-1 onto map. 

Now, {a} is open in M3. 

But f~*({a}) = { f7t(a)} is not open in M4. 

Hence f is not continuous. 

Thus any bijection f: M, > M, is nota homeomorphism. 
Hence M, is not homeomorphism. 

Definition. Let (M4, d,) and (Mz, d2) be two metric spaces. 


Let f: Mı > M, be a 1-1 onto map. f is said to be an isometry if 
d,(x,y) = do(f (x), f(v)) for all x,y €My,. In other words, an 
isometry is a distance preserving map. 


M, and M, are said be isometric if there exists an isometry f from M, 
onto M3. 


Example 6. R? with usual metric and C with usual metric are 
isometric and f: R? > C defined by f(x,y) = x + iy is the required 
isometry. 


Proof. Let d, denote the usual metric on R? and d, denote the usual 
metric on C. 
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Let a = (x1, y1) and b = (x2, y2) E R?. 
Then d,(a,b) = ¥ (x1 — x2)? + Q1- y2)? 


= |(x1 — x2) + iyı — y2)I 


= |@1 + iy) + (x2 +i y2)| 
= d,(f (a), f(b)) 
.. f is an isometry. 


Note. Since an isometry f preserves distances, the image of an open 
ball B(x,r) is the open ball B(f (x),r). 


Hence it follows that under an isometry the image of an open set is 
also an open set. Also if f is an isometry f~? is also an isometry. 


Hence under an isometry the inverse image of an open set is open. 
Hence an isometry is ahomeomorphism. 


However a homeomorphism from one metric space to another need 
not be an isometry. 


For example, f:[0,1] —> [0,2] defined by f(x)=2x is a 
homeomorphism. (refer example 1) 


But f isnotanisometry. (refer example 6). 


6.4 UNIFORM CONTINUITY 


Introduction. In this section we introduce the concept of uniform 
continuity. 


Definition. Let (M,,d,) and (M,,d,) be two metric spaces. Let 
f:Mı > M, be a continuous function. For each a E€ M, the following 
is true. Given € > 0, there exist 6 > 0 such that 


dı(x,a) < ô > dz (f(x), f(a)) < E. 


In general the number ô depends on € and the point a under 
considertation. 


For example, consider f: R > R given by f (x) = x?. 
Leta E R. Let £ > 0 be given. 


We want to find ô > 0 such that 


Ix-al<d>|f)-f@|<e an (1) 
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Clearly, if 6 > 0 satisfies (1), then any 6, where 0 < 6, < ô also 
satisfies (1). 


Hence if there exists a 6 > 0 satisfying (1), then we can find another 
6, such that 0 < ô < 1 and ô also satisfies (1). 


Hence we may restrict x such that |x — a| < 1. 
“a-1<x<artl. 
“x+ta<2at+i. 
+ f(x) — fa) = |x? — a?| = |x + alļ|x — a| 
< |2a + 1||x — a| if |x —a| <1. 
Hence if we choose 6 = min{1, 3 then we have |x—aļ|< ô => 
Iœ) -= fal < e. 


Thus, in this example we see that the number 6 depends on both € 
and the point a under consideration and if a become larger, 6 has to 
be chosen correspondingly small. In fact, there is no 6 > 0 such that 
(1) holds for all a. 


For, suppose there exists 6 > 0 such that 


Ix-—al|<éd>|f() -—f(@|<eforallacR. 
Take x = at+<6. 
Clearly, |x — a| = T < ô. 


 [f@) — fla) < e. 


2 


Pa 2 
paa 


T 542 


LE 


<E 


However this equality cannot be true for all a € R, since by taking a 


sufficiently large, we can make T) 56 + 2a| >E. 
Thus, there is no 6 > 0 such that (1) holds for all a € R. 
Let f: R > R be given by f(x) = 2x. 


Leta E R. Let £ > 0 be given. 


Then |f (x) — f(a)| = [2x — 2a| = 2|x — al. 
.. If we choose 6 = Že then we have |x —a| < 8 > |f(x) — f (a)| < e. 


Here 6 depends on € and not an a. 


i.e.) for a given £ > 0 we are able to find 6 > 0 such that 6 works 
uniformly for alla E R. 


Definition. Let (M4, d4) and (M3, d2) be two metric spaces. 


A function f:M, > M, be a uniformly continuous on M, if given € > 
0, there exist ô > 0 such that 


dı (x,y) < ê > do(f (x), f(y)) < E. 


Note 1. Uniformly continuity is a global condition on the behavior of 
a mapping on a set so that it is meaningless to ask whether a 
function is uniformly continuous at a point. Continuity is a local 
condition of the behavior of a function at a point. 


Note 2. If f: Mı > M, is uniformly continuous on M, then f is 
continuous at every point of M4. 


Moreover for a given € > 0, there exist ô > 0 such that x,y E M, and 
d(x%,y)<d> da(f (x), f(v)) < E. 


Thus, uniformly continuity is a continuity plus the added condition 
that for a given € > 0 we can find 6 > 0 which works uniformly for 
all points of M,. 


dı (x,y) < ô > da(f (x), f”)) < E. 


Note 3. A continuous function f: Mı > M, need not be uniformly 
continuous on M4. 


For example, f: R > R defined by f(x) = x? is continuous but not 
uniformly continuous R. 


Solved problems 


Problem 1. Prove that f: [0,1] > R defined by f(x) = x? is uniformly 
continuous on [0,1]. 


Solution. Let £ > 0 be given. Let x, y € [0,1]. 


Then 
If (x) -fO = |x? -y?l = |x + yllx— yl 
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<|x-y| (sincex < landy <1) 


1 
a lx = yl <38> 1f@) -fO < e. 
~. f is uniformly continuous on [0,1]. 


Problem 2. Prove that the function f: [0,1] > R defined by f(x) = Z 


is not uniformly continuous. 


Solution. Let € > 0 be given. Suppose there exist ô > 0 such that 
Ix = y| < ô > |f@) -f| < e. 


Take x =yt<6. 
Clearly |x — y| = <6 < ô. 
~ If œ) — fla) < e. 


1 1 
tmn E: 
y 


20+) y 


a. 
(2y+6)y 


ô 


becomes 
(2y +8)y 


This inequality cannot be true for all y € (0,1) since 


arbitrarily large as y approaches zero. 
~. f is not uniformly continuous. 


Problem 3. Prove that the function f: R > R defined by f(x) = sin x 
is uniformly continuous R. 


Solution. Let x, y € R and x > y. 


sin x — sin y = (x — y)cosz where x>z>y (by mean value 
theorem) 


« [sinx — sin y| = |x — y||cos z| 
< |x— y| (since |cos z| < 1). 
Hence for a given € > 0, if we choose 6 = g, we have 


Ix = y| < ô > |f@) — fO)| = Isin x — sin y| < e. 


Continuity 


<. f(x) = sin x is uniformly continuous on R. 


CHECK YOUR PROGRESS NOTES 


1. Let d, be the usual metric on [0,1] and d, be the usual metric on 
[0,2]. The map f: [0,1] > [0,2] defined by f(x) = 2x is not an 
isometry. 

2. Define open map. 


6.5 ANSWER TO CHECK YOUR PROGRESS 
QUESTIONS 


1. Let x,y € [0,1]. Then do(f(x), f()) = IF) — FO)I = [2x — 2y| 
= 2|x — y| = 2d, (x,y). Therefore,d, (x, y) # daf (x), f()). 
Hence f is not an isometry. 


2. A function f: Mı > M, is said to be an open map if f (G) is open 
in M, for every open set G in M,. 


6.6 SUMMARY 


7. Let (M,d) be a metric space. Let (xn) = X1, X2, Xn,» bea 
sequence of point in M. Let x E M. We say (xn) is converges to 
x if given € > 0 there exists a positive integer nj such that 
d(Xn,x) < € such that for all n > np. Also x is called a limit of 
(Xn). 

8. f is said to be continuous if it is continuous at every point of 
Mı. 

9. f is continuous ata iff lim, ,, f(x) = f (a). 

10. Let (M4, d4) and (M3, d2) be two metric spaces. Then any 
constant function f: M, > M, is continuous. 

11. Let (M4, d4) be a discrete metric space and let (M,, d2) be any 
metric space. Then any function f: M, > M, is continuous. 

12. Let (M,,d,) and (M,, d2) be two metric spaces. Let a E M,. A 
function f:M, > M, is continuous at a iff (xn) >a 
= (f@n)) > f(a). 

13. f is continuous iff inverse image of every open setis open. 

14. f is an open map if the image of an open set in M, is an open 
set in M3. 


6.7 KEYWORDS 


1. Limit: Let (M4, d4) and (M2, d3) be metric spaces. Let f:M, > M, bea 
function. Let a, E M, and l E€ M,. The function f is said to have limit as 
x >a if given £ >0 there exists ô > 0 such that 0 < d; (x,a) < ô => 
d (f (x), D) < £. We write lim,_,, f(x) = L 
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Continuity 


NOTES 
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2. Continuous: Let (M4, dı) and (M3, d2) be two metric spaces. 
Let a € M4. A function f: M, > M, is said to be continuous at a if 
given ¢>0, there exists 6>0 such that dı(x,a) < ô => 
d: (f (x), f (a)) < €. 

3. Homeomorphism: Let (M4, d4) and (M2z,dz) be metric spaces. 
A function f: Mı > M, is called a homeomorphism if (i)f is 1-1 and 
onto. (ii) f is continuous. (iii) f~* is continuous. 


4. Homeomorphic: M, and M, are said to be homeomorphic if 
there exists a homeomorphism f: M, > M3. 
5. Open map: A function f: Mı > M, is said to be an open map if 


f (G) is open in M, for every open set G in M4. 
6. Closed map: If is called a closed map if f (F) is closed in M, 
for every closed set F in M4. 


7. Uniformly continuous: Let (M4, d1) and (M,, d2) be two metric 

spaces. 

8. A function f:M, > M, be a uniformly continuous on M, if 

given e>O0O, there exist 6>0 such that 

dı(x, y) < ê => do(f (x), f(y)) <E. 

6.8 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


1. Show that any function whose domain is discrete metric 
space is continuous. 

2. Letf:R? > R? is defined by f(x,y) = f (x, y) show that 
f is continuous on R°. 

3. Prove that any two open intervals are homeomorphic. 
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7.0 INTRODUCTION 


In this chapter, we shall introduce the notion of the 
derivation of the function and the properties of such functions. We 


shall consider only real valued functions defined on intervals. 


7.1 OBJECTIVES 


After going through this unit, you will be able to: 


e Understand what is meant by differentiability of functions. 
e Determine derivability and continuity. 


e Discuss algebra of derivatives. 


Difterentiable function 


NOTES 


Self-Instructional material 


Difterential function 


NOTES 


Self-Instructional material 


7.2 DIFFERENTIABILITY OF A FUNCTION 


Definition. Let f be a be a real valued function defined on an interval 
ICR. If a€l, then f is said to have a derivative at x =a, if 


f£@)-f(@) 
h 


lim, a exists. If this limit exists, then f is said to be 


differentiable at a and its derivative is denoted by f'(a). Note that 


this limit is a real number. If we make the substitution h = x —a, 


f(ath)-f(a) 


then the above limit can also be written as limp_,9 7 


Thus if E is the set of points of I at which f'(a) exists and 
E + ỌẸ, then f’ is itself a real valued function on E. If f’ is defined on 
E. If f’ is defined at every point of E, then f is said to be 
differentiable on E. It is possible that E + and there are functions 
which are differentiable at some points in the domain but not at 


other points of the domain. 


7.3 DERIVABILITY & CONTINUITY 


Theorem 1. If the real valued function f is differentiable at the point 


a E R, then f is continuous at a. 


Proof. We know that f is continuous at x = a if limf (x) = f(a) or 
xa 


equivalently lim [f (x) — f(a)] = 0. 


For, x + a, we have f (x) — f(a) = rent (x —a). 


Since lim,_,, pay f'(a) and lim(x — a) = 0. 
(x-a) x>a 


We get lim[f (x) — f (a)] = f'(a).0 = 0. 
x>a 
Therefore, if f is differentiable at x = a, then it is continuous 
atx =a. 


The converse of the above theorem is false. There exists 
functions continuous at a point but not differentiable at the point. We 


shall illustrate this by an example. 


Example 2. Let f(x) =|x| for x €(—o,0). This function is 


continuous everywhere and in particular it is continuous at x = 0. 
Ifx > 0, f(x) — f(O) = x andifx < 0, f(x) — f (0) = —x. 


f@)-f@) _ x d F@)-fFO) _ =x _ 
x-0 E E 


Hence, we have -= 1ifx>0an 
x x-0 x 


—lifx <0. 


Therefore, limy 22 does not exist. Thus f does not 


have a derivative at 0, even though f is continuous at 0. 


Example 3. Let f(x) = x|x| for x € R then f'(x) = 2|x| for every x in 
R. 


From the definition of the function, f(x) = x? if x > 0 and 


f(x)=-x? if x<0. If a>0, then we have 


= 2 2 
f'(a) = limpso nv f(a) = limpso on (a) 
Since a + h > 0, when |h] is sufficiently small, 


f'(a) = limpo T = limp 0(2a + h) = 2a. 


Ifa > 0, then 


=(atn)*=(a)" 


f'(a) = limno dadi = limpso h 


Since a + h < 0, when |h] is sufficiently small, 

= _h2 
f'(a) = limno —— = limy.49(—2a — h) = —2a. 
Let us consider the case when x = 0, 


f' (0) = limps LO = hig oo = lima solh| = 0. 


Combining all the above three cases, we get f'(x) = 2|x| for 


every x in R. 
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Note. The function f’ may have a derivative denoted by f” which is 
defined at all points where f’ is differentiable. f” is called the 


second derivative of f. 


7.4 ALGEBRA OF DERIVATIVES 


The next theorem gives the different formulae for 
differentiating the sum, difference, product and quotient of two 


functions. 


Theorem 4. If f and g are both differentiable at x = a in R, then 


f +9,f — gand fg are differentiable and have derivatives given by 


i) Q +g) (a) = f'(a) + g'(a). 
(ii) f - 9)' (a) = f'(a) - g' (a). 
(iii) (fg) (a) = f'(a) g(a) + f(a) g'(a). 
(iv) Furthermore, if g'(a) + 0, then f/g is differentiable at 
a and has derivative given by 
2l _ IWF a) - fa) g'a) 
g [g (a)]? i 
Proof. We shall prove (iii) and (iv), since (i) and (ii) can be proved 


easily. To prove (iii), let h = fg. Then for x # a, we get 
h(x) — h(a) = fxg) — f (a)g (a) 


= f (x)g (x) — f (a)g x) + f (a)g (x) — 
f(a)g(a) 


h(x)-h(a) _ 
x-a ~ 


And so, 


f(x)-f(a) g(x)-g(a) 
9) + F(a) 


Since limpa JO f'(a), imya auaa g'(a) 


(x-a) (x—-a) 
By Theorem 1, limg(x) = g(a). Hence, by using the theorem 
xa 
on limits, h has a derivative at a and 


h'(a) = lim f'(a) g(a) + f (a) g'(a). 


To prove (iv), let h = f /g. Then we have, 


h(x)-h(a) _ f@-f@ g(x)-g(a) 
ca rent I Gay — FO) 
Since f(x) and g(x) are differentiable at a having the 


derivatives f'(a) and g'(a) and when + 0, limg(x) = g(a), we get 
xa 


from the above 


h(x)-h(a) _ glayf' (a)-f(a)g’ (a) 


Le ET 92(a) 


Example 5. The derivative of any constant is zero. If f(x) = x, then 
f'(x) = 1. By using (iii) repeatedly we see that x” is differentiable 
and the derivative is nx"~+ for any integer n, when x + 0. Thus a 
polynomial is differentiable and using (iv) repeatedly we see that 
every rational function is differentiable except at the point where the 


denominator is zero. 


For two functions f and g, the composite function 


h = f o g is defined at each point a, h(a) = (g ° f)(a) = gIf(a)]. 


Theorem 6. If f is differentiable at a, and g is differentiable at 
f(a), then h = f og is differentiable at a and has the derivative 


k' (a) = g IF Ca). 


Proof. Let f be differentiable at a and g be differentiable at b = f(a). 
It is assumed that f is defined in some neighbourhood of a and that 


g is defined in some neighbourhood of b = f(a). 


f is continuous at a and g is continuous at b = f(a). Thus 


h = f eg is continuous at x = a. 


Let us define n(x) = eee f'(a). 


f@)-f(@) 
(x-a) 


neighbourhood of a and n(x)>0 as x>a. Hence, if f is 


Since lim, exists, n(x) exists in a deleted 


differentiable at a, we can write 


fœ) - fa) = x- a[f Ca) +n]. 
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Similarly, since g is differentiable at b = f(a). We have 
gO) — g@) = (y — b)[g' (b) + y()] where y(y) > 0 as y > b. 


Now, we have 


h(x) — h(a) = (g ° f)x — (g ° f)a = gf] - gf l]. 


= g(y) - g(b) = (y — b)[g' (b) + y )] 
= [f@ - Flg Fa) +vF@))I- 
= (x -a)[f'(a) + Ng E) + YOO) 
If x + a, we get 


h(x)-h(a) _ 


x-a 


[g Cb) HYO EO + n(x)]. 


If we take the limit as x > a and note that by theorem 1, f is 


continuous at a, we see that y = f(x) > f(a) = b. 
Hence, n(x) > 0 and y(y) > 0. Therefore, 


h(x) — h(a) | 
—— s 


AOO) 


h' (a) = lim,g 


This complete the proof of the chain rule on differentiation. 


The following theorem known as Inverse function theorem 
gives the relationship between the derivatives of inverse functions. If 
f is 1 — 1 function on [a, b], then q[f (x)] = x (a < x < b) where q is 


the inverse function for f. 


7.9 INVERSE FUNCTION THEOREM 


Theorem 7. (The Inverse Function Theorem). Let f be a 1 — 1 real 
valued function on I. Let q be its inverse function. If f is continuous 
at a E J, and q has the derivative at b = f(a) with q'(b) + 0, then 


1 


f'(a) exists and f'(a) = Wo 


Proof. For h + 0, let v(h) = f(a + h) — f(a). Since f is 1-1, v(h) + 0 for 
h # 0. From this, we get 


b+v(h) = f(a) + v(h) = f(ath). 


Hence, we have g[b + v(h)] = q[f (a + h)] = a + h, since q is the 


inverse function of f. 


Now we have fae — [bt+v(h)|-b 


at+h-a 


_ v(h) 
~~ q[b+v(h)]-q(b) 


1 
~ [q[b+v(h)]-q(b)\/v(h) UU (1) 


By hypothesis f is continuous at a. So limpo v(h) = 0. 


Thus, when h > 0, the right side of (1) tends to the limit ao 


Hence we have 


; f(a+h)-f(a) _ 1 
This completes the proof of the theorem. 


Example 8. Using the Inverse Function Theorem, find the derivative of 


f(x) = x'/n where n € Nand x > 0. 


The inverse function of f is x”. Let q(x) = x”. At any point a > 


0, q' (a) = na"~1. Hence, by the theorem 


f'(a) = A a ee 
D) na a 2 
7.6 DAURBOUX’S THEOREM ON DERIVATIVES 


Theorem 9. (darboux property). If f has a derivative at every point of 
the closed interval [a,b], then f’ takes on every value between f'(a) 


and f'(b). 
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Proof. It is enough if we consider the case in which f'(a) < f'(b). 
Thus if f'(a) < k < f'(b), we have to show that there exists a c in 
(a, b) such that f’(c) = k. 


Let us now define the function g on [a, b] asg(x) = f(x) — kx 


fora < x < b. From this we have as g'(x) = f'(x)— k fora < x <b. 


Thus g'(x) exists for all x in [a,b] and g is continuous on 
[a,b] by theorem 1. Hence, by Theorem 8, g takes a minimum value 
at some point c E [a,b]. But g'(a) = f'(a) —k < 0. Since g'(x) < 0 
at x =a, g cannot attain its minimum value at x =a. For the 
minimum value of g at a, g'(a)=0 by theorem 6. Similarly 
g (b) = f'(b) —k > 0. So g cannot attain its minimum value at 
x= b also. Thus we have a<c< b. We have f'(c) =k which 


proves the theorem. 


Example 10. Let f(x)=0 for —1<x<0 and f(x) =1 for 
0 <x < 1. Is there a function F such that F’(x) = f(x) in [-1,1] ? 


Suppose there exists a function F such that F' (x) = f (x) in [- 
1,1]. Then, since f(x) is defined in [-1,1], F’ exists at every point of 
[—1,1]. So by the above Darboux property, F’ takes every value 
between F’(—1) and F’(1). But F’(1) = f(-1) =0 and F’(1) = 
f(1) = 1. So F’ take every value between 0 and 1. But this cannot 
happen, since F’ takes only two values 0 and 1 from the definition of 


F’ in [-1,1]. So there is no function satisfied the given condition. 


CHECK YOUR PROGRESS 


1. State inverse limit theorem. 
2. State Darboux property. 


7.7 ANSWER TO CHECK YOUR PROGRESS 
QUESTIONS 


1. Let f be a1 —1 real valued function on I. Let q be its inverse 
function. If f is continuous at a E J, and q has the derivative at 


b = f (a) with q'(b) + 0, then f'(a) exists and f'(a) = ae 
2. Iff has a derivative at every point of the closed interval [a, b], 
then f’ takes on every value between f'(a) and f'(b). 


7.8 SUMMARY 


15. If the real valued function f is differentiable at the point 
a E R, then f is continuous at a. 

16. Iff is differentiable at a, and g is differentiable at f(a), then 
h=feg is differentiable at a and has the derivative 


k' (a) = g' F@If'@. 


7.9 KEYWORDS 


9. Derivative: Let f be a be a real valued function defined on an 
interval ]C R. If a E I, then f is said to have a derivative at 


ror) © exists. If this limit exists, then f is said to 


x=a,iflim,., 
be differentiable at a and its derivative is denoted by f'(a). Note 
that this limit is a real number. If we make the substitution 


h=x-—a, then the above limit can also be written as 


limp, f(a+h)-f (a) 

>0 h s 

7.10 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


1. If f(x) = |x°| for x € R, find f'(x) and f” (x). 

2. If f(x) = x|x|, prove that f” (x) = 2 if x > 0, and f” (x) = —2 if 
x<0. 

3. Suppose f is differentiable at a € I and f'(a) + 0. Prove that |f| 
is differentiable at a and find |f| (a). 
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4, If f is a function such that f? is derivable at a, dose it follow 


that f is derivable at a? 
5. Show that the function f defined by f(x) = x? cos = if 


x + 0 and f(0) = 0. 
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8.0 INTRODUCTION 


From elementary calculus, we know that the derivative of a real- 
valued function f on / at c gives the slope of the tangent to the curve 
y = f(x) at x =c. Let f have derivatives at all points of I. Then 
y = f (x) has tangents at all points of I. If f’(c) exists, then the curve 
is said to be smooth at x = c. We have already noted in the previous 
section that if a real valued continuous function defined on the 
closed and bounded intervals attains the extremum value at c where 
c E€ I and f'(c) exists, then f'(c) = 0. If the curve y = f(x) has its 
end points on the x-axis (the curve crosses the x-axis at both the end 
points of the interval) and if it is smooth, it is geometrically evident 
that there will be horizontal tangent at some point on the curve. That 
is at some point on the curve, f’ will become zero. This result is 
made precise in the following theorem known as Rolle’s Theorem 
which is an important result in the differential calculus. We shall 
discuss in detail even the slight variation of the theorem so that 
readers will become familiar with all the aspects of this basic 
theorem in differential calculus. 


8.1 OBJECTIVES 


After going through this unit, you will be able to: 


Power Series 
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Power Series 


e Understand what is meant by Rolle’s Theorem, Mean 
NOTES value theorem 
° Discuss the Fundamental theorem of calculus 
° Discuss the properties of Power series expansion 
8.2 ROLLE’S THEOREM 


Theorem 1. (Roll's Theorem) If f is continuous real-valued function 
defined on a bounded and closed interval [a, b] with f(a) = f(b) = 0 


and differentiable at every point x in the open interval (a,b) such 
that f'(c) = 0. 


Proof. If f is identically zero on [a,b], it attains a maximum and a 
minimum valu on [a,b]. If f(x) >0 for some x in (a,b), the 
maximum value of f on [a,b] will not be attained at a orb, sincev 


Self-Instructional material 


f(a) = f(b) = 0 by hypothesis. Hence, f will attain its maximum 
value will be attained in (a, b) so that for a point c in (a, b),f'(c) = 0. 


Corollary. If F(x) is a polynomial, then between any two roots of 
F(x) = 0,there exists at least one root of F' (x) = 0. 


Proof. Let a and b be two roots of F(x). Since F(x) is a polynomial, 
F(x) is continuous in [a,b] and derivable at every point of (a,b). 
Since a and b are the roots of F(x), we get F(a) = F(b) = 0. Hence, 
by Rolle’s theorem, there exists at least one point c in (a,b) such 
that F’(c) = 0. This means that there exists at least one root of 
F'(x) = 0. 


Note 1. The following statement of Rolle’s theorem is an alternative 
form where we do not assume that f vanishes at x = a and x = b. 
We shall give an independent proof of the theorem. 


Theorem 2. If a function f is continuous in [a,b] with f(a) = f(b) 
and if f is differentiable at every point of (a, b), then there exists at 
least one point c in (a, b) such that f'(c) = 0. 


Proof. If f is constant throughout [a, b], then f” is zero at all points of 
(a, b) so that the theorem is true. 


Let f be not constant throughout [a,b]. Since f is 
continuous in [a, b], it is bounded in [a, b] and it attains one or other 
of its bounds in [a, b] which is different from f(a). Let U be its upper 
bound. Then f attains its upper bound at least once in (a,b). Then 
for all values x in [a,b], f(x) < f(c). So when h is an infinitesimal, 
we get 


f(c+h)—-f(c) <0. 
If h is positive, we get 


Meena FO <0 


f(cth)-fo <0. 


So that limp.»0 7 


The above inequality implies that f’(c) < 0 (1) 
If h is negative, then we get 


Herat <0 
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So that limp.s9 Reto <0. 


The above inequality implies that f'’'(c)>0 (2) 
Combining (1) and (2), we get f’(c) = 0 


Similarly we prove the theorem when f attains its lower 
bound in (a, b) which is different from f (a). 


Corollary. Theorem 1 can be deduced from Theorem 2. 


Note 2. The above theorem can be stated in a slightly different form 
as follows. 


Theorem 3. Let f be differentiable at every point of an open interval 
(a,b)and let f be continuous at both the end points a and b. If 
f(a) = f(b), there is at least one point c in (a, b) at which f’(c) = 0. 


Since f is differentiable at every point in the open 
interval(a, b), it is continuous in (a,b). By hypothesis, it is 
continuous at both the end points a and b. So f is continuous in the 
bounded closed interval [a,b]. Further note that we do not assume 
f(a) = f(b) = 0. It is enough modified for this slightly different 
form of the theorem, we shall give a different proof due to its 
importance. 


Proof. Under the hypothesis, we shall assume that f’ is never 0 in 
(a,b) and arrive at a contradiction. Since f is continuous on the 
bounded and closed interval [a, b], it attains its maximum M and its 
minimum m at some points in [a, b]. None of the extreme values are 
attained at a point of (a, b). For if it attains the extreme values at the 
points in (a,b), f’ would vanish in (a,b) which is against our 
assumption. So they are both attained at the end points. Since 
f(a) = f(b), then m = M and hence f is constant on [a, b] so that f’ 
is zero on [a,b]. This contradicts our assumption that f’ is never 
zero on [a,b]. Hence, for some point c in (a, b),f'(c) = 0. 


Note. None of the conditions in the Rolle’s theorem can be relaxed 
as shown by the following Examples 1 to 3 


Example 1. Let g(x) = x ifx € [0,1) and g(x) = Oifx = 1. 


g is differentiable in the open interval and g(0) = g(1) = 0. It is 
continuous in the open interval (0,1) but not in the closed interval 
[0,1], since it is not left continuous at the right end point x = 1. 
Since g’(x) = 1 for every x € (0,1), there is no point c in (0,1) with 


g'(c) = 0. This shows that the loss of continuity at an end point is 
enough for the failure of the Rolle’s theorem. 


Example 2. let f(x) = 1 — |x| for x € [-1,1]. Now f(-1) = f1) =0 
and f is a continuous function on [—1,1]. Since f; and f! are different 
at x = 0, f obeys all differentiable at x = 0. So f is not differentiable 
in (—1,1). Thus f obeys all the hypothesis of Rolle’s theorem except 
that it is not differentiable at x = 0. For this f, there is no point c in 
(—1,1) for which f’(c) = 0. Hence, the conclusion of Rolle’s theorem 
is not true, if we weaken the assumption of the open interval. 


Example 3. Let f(x) = x in [0,1]. Then f(x) is continuous in [0,1] 
and derivable in (0,1). But f(0) # f(1). There is no point c in [0,1] 
such that f'(c) = 0. 


Example 4. Verify whether the function f(x) =sinxin [0,z] 
satisfies the conditions of Rolle’s theorem and hence find c as 
prescribed by the theorem. 


We know that the function given by f(x) = sin x in [0,7] is 
continuous in [0,7] and differentiable everywhere in(0, 7). Further 
f(0) = 0 = f(a). Hence, f satisfies the conditions of the Rolle’s 
theorem. At 2/2 € [0,7], f'(x) =cosx =0. So f’ vanishes at 
m/2 € [0,7]. Hence, in the Rolle’s theorem c = 17/2. 


Example 5. Verify the Rolle’s theorem for the function f(x) = 


vV1—x? (-1 <x < 1). 


It is to be noted that f is continuous in the closed interval 
[—1,1] and it is not derivable in [—1,1], since this function has no 
derivatives at x = —1 or 1. It is differentiable in(—1,1). Now if c = 
0,we get f’(0) = 0. Thus the Rolle’s theorem is true. 


Example 6. Prove that there is no value of k such that the equation 
x3 — 3x +k = 0 has two distinct roots in [0,1]. 


Let us suppose on the contrary that there is a real number k’ 
such that x? — 3x + k' = 0 has q and £$ as its distinct roots in [0,1] 
where a<f and a#f. Now a#f and g&,ß E [0,1] implies 
0<a<1and0<f <1. Since a and f are the roots of the above 
equation, we have a? — 3a + k' = 0, B — 36 + k' = 0. Now consider 
the function f (x) defined in [«, £] as follows: 
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f(x) =x? — 3x + k' for x € (a, B). 


Since f (x) is a polynomial in x of degree 3, it is continuous on [a, £] 
and it is derivable in (a,f) with f(a) = f(P) = 0. Hence, all the 
conditions of Rolle’s theorem are satisfied by f(x) in [a,B]. 
Therefore, there exists c E€ (æ,ß) such that f'(c) = 0. This implies 
3c? — 3 = 0. Hence, c = +1 € (0,1). This implies c € (æ, p) which 
contradicts our assumption that 0 < a < 1and 0 < f < 1. Therefore, 
there exists no real number k for which the given equation has two 
distinct roots in [0,1]. 


Example 7. Prove that if “¢+4+...+ "4 
nt+1 n 2 


equation aox” + a,x" 1+ +++ a, = 0 has at least one root between 
0 and 1. 


+a, = 0, then the 


Now consider the function defined by 


nti P ajx” 
n+1 n 


f(x) = ao 


+ + anx in [0,1]. 


Then f(1) =0 by hypothesis and f(0) = 0. So f(1) = 0 = f (0). 
Since f is a polynomial of degree n in [0,1], it is continuous and 
differentiable in [0,1]. Therefore , the hypothesis of Rolle’s theorem 
are satisfied. Hence f'(x) = 0 for some x E (0,1). So f'(x) = agx" + 
a, x"! + -+ an = 0 for some x E (0,1). 


We have already shown in the Example 7 of 7.1, that a function can 
have a derivative at each point of the interval but the derivative 
considered as a function need not be continuous. The following 
theorem shows that although they are not necessarily continuous, 
and derivatives like continuous functions satisfy the intermediate 
value property. 


Theorem 4. (Darboux Property). If f has derivative at every point of the closed 
interval [a, b], then f” takes on every value between f'(a) and f'(b). 


Proof. \t is enough if we consider the case in which f'(a) < f'(b). 
Thus if f'(a) < k < f'(b), we have to show that there exists a c in 
(a,b) such that f'(c) = k. Let us now define the function g on [a, b] 
as g(x) = f(x)—kx for a<x<b. From this we have g'(x) = 
f'(x)—k for a < x < b. Thus g'(x) exists for all x in [a,b] and g is 
continuous on [a, b] by Theorem 1 of 7.1. Hence, by Theorem 8 of 4.5, 
g takes a minimum value at some point c E [a,b]. But g'(a) = 
f'(a) —k < 0. Since g'(x) < 0 at x = a, g cannot attain its minimum 
value at x =a. For the minimum value of g at a, g’(a) =0 by 
Theorem 6 of 7.1. similarly g’(b) = f'(b) — k > 0. So g cannot attain 


its minimum value at x = b also. Thus we have a < c < b. We 
have f’(c) = k which proves the theorem. 


We shall illustrate the use of above theorem by the following 
example. 


Example 8. Let f(x) = 0 for—1 <x <Oand f(x) =1for0<x <1. 
Is there a function F such that 


F'(x) = f(x) in [-1,1]? 
Suppose there exists a function F such that F’(x) = f(x) in [—1,1]. 


Then, since f(x) is defined in [—1,1], F’ exists at every point 
of [—1,1]. So by the above 


Darboux property, F’ takes every value between F’(—1) and F’(1). 
But F’(—1) = f(—1) = 0 and 


F'(1) = fQ) =1. 


So F’ should take every value between 0 and 1. But this 
cannot happen, since F’ takes only two values 0 and 1 from 
the definition of F’ in [—1,1]. So there is no function F 
satisfying the given condition. 


In the above example, it is important to note that f is not a 
continuous function in [—1,1] and f is not the derivative of 
any function F in [—1,1]. But it will be shown later that if f isa 
continuous function on [a, b], there can exists a function F on 
[a, b], such that 


F'(x) = f(x) for all x in [a, b]. 


8.3 MEAN VALUE THEOREM FOR 
DERIVATIVES 


If we consider a smooth curve y= f(x) in [a,b], it is 
intuitively clear that at some point c in (a, b), the Slope of the tangent 
f'(c) at x =c will be equal to the slope of the chord joining the 
points a and b on the curve. This leads to the following theorem 
known as the mean value theorem for derivatives. 


The most important aspect of the mean value theorem for 
derivatives is that it gives a relation between the derivative and the 
function so that we can obtain information about the function from 
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the properties of the derivatives. We shall use Rolle’s theorem to 
prove the following mean value theorem. 


Theorem 1. (Mean Value Theorem for Derivatives). If f is a 
continuous function on the closed and bounded interval [a,b] and if 
f'(x) exists for all x in the open interval (a, b) such that 


f(b) - f (a) 


ro == 


Proof. Let us consider the function h defined as follows: 


b 
h(x) =f- pa -E a) 


when a<xx<b. From the definition of h, we have 
h(a) = 0 = h(b). Further h is continuous in the closed interval [a, b] 
and differentiable in the open interval (a,b). So h satisfies all the 
conditions of the Rolle’s Theorem. Hence, there exists a point c in the 
open interval (a, b) such that h'(c) = 0. 


But h'(c) = f'(e) — nr eo @ which proves that 


filc) = nr Lw, 


The above theorem is also known as Lagrange’s Mean Value 
Theorem. It is important to note that the theorems do not exactly 
locate the positions of the points like c where the function takes one 
or more mean values. But what all it asserts is that the point lies 
between a and b. For some functions, the position of the point c may 
be specified well, but in most of the case it is very difficult to 
determine these points. 


Note. The conclusion of the theorem may fail to be true if there is 
any point between a and b where the derivative of the function does 
not exist as shown by the following example. 


Example 1. Let f(x) = |x|. This function is continuous everywhere 
on the real axis and has derivatives at all points of the real axis 
except at x = 0. Now consider the interval [—1,2], f(a) = f(—1) = 1, 
f(b) = f(2) = 2. 


Hence, TUTNA ad 
b-a 3 3 


But f'(x) = 1ifx > 0 and f'(x) = —1 if x <0. 


Example 2. Verify the hypothesis and the conclusion of the Mean 
Value Theorem for the following functions: 


(i). f(x) = log x in [1, e] 
(ii). f (x) = Ax? + Bx + C in [a,b] 


(iii). f(x) = in2<x <4 


x-1 


(i) The function f(x) = log x is continuous in [1,e] and it has 
a derivative f'(x) = Žin (1,e) and f(e) — f (1) = loge. So 
the Mean Value Theorem implies loge = (e — 1)= for a 
suitable x in [1, e]. 

(ii) | Being a polynomial, Ax? + Bx + C is continuous in [a,b] 
and derivable in (a, b). 

f(b) — f(a) = A(b? — a?) + B(b — a) and 

f'(x) = 2Ax + B. 
The Mean Value Theorem implies the existence of c in 
(a, b) such that 


A(b? — a?) + B(b — a) = [2Ac + B] (b — a). 
Since a + b, we get A(b + a) + B = 2Ac +B. 


, b eee 
Since A + 0, we get from the above c = as which is in the 


open interval (a, b). 


(iii) F(x) = is continuous in [2,4] and differentiable in 
(2,4), 


1 


Ca a 39 ee 


Hence, the existence of c in the Mean Theorem implies 
2 2 


= En and hence (c — 1)? = 3. 
Solving (c — 1)? = 3 for c, we get c = 1 + V3. 

Clearly, c = 1 + V3 lies in [2,4], while 1 — V3 does not 
belong to [2,4]. Hence c = 1 + V3. 

The Mean Value Theorem can be expressed in the 


following alternative form. 


Theorem 2. If a function f(x) is continuous in the closed interval 
[a,a + h] and differentiable in the open interval (a,a + h) then there 
exists at least one number @ between 0 and 1 such that f(a + h) — 


f(a) = hf'(at 6h). 
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Proof. Let us take b =a +h in the Mean Value Theorem. Then 
a+ @h is equal to a or b according as 0 = 0 or 0 = 1. Here if 
0<6@<1,a+ 6his some point in (a, b). So c can be taken as a + 0h 
in the statement of the Mean Value Theorem. Hence, we obtain 


f(at+h) — f(a) =hf'(a+ 6h). 


Example 3. Determine @ that appears in the Mean Value Theorem 
given above for the function 
1 


f(x) =x? — 2x + 3 for a=Żandh =+ 


Now f(a+h)- f(a) =-Żandhf' (a+ 6h) = +2- 1). 


Hence, the Mean Value Theorem given above yields, 


1 1 0 1 
—-=-+7-1or=>5. 
4 2 2 2 
The following theorems are the very important consequences 
of the Mean Value Theorem. 


Theorem 3. If f is a real valued function defined on closed interval 
[a,b], such that f'(x) = 0 for all x in the open interval (a, b), then 
f(x) must be a constant in the open interval (a, b). 


Proof. Let x, and x, be any two points in (a,b) with xı < x2, f 
satisfies all the conditions of the Mean Value Theorem in the [x,, x2]. 
Hence, by the Mean Value Theorem, there exists a point c in the open 
interval (x4, x2) such that 
1 _ f (X2)-f (x1) 

fo = Cate. 
But f’(c) =0 by hypothesis. Therefore, f(x,) — f(x2) = 0 for all 
X1,Xz in the open interval (a,b). Thus f(x,) = f(x2) for any two 
different points x, and x, of (a,b). In other words, f is constant on 
(a,b). 


Theorem 4. Let f and g be any two real valued differentiable 
functions on [a,b] such that f'(x) =g'(x) for all x in [a,b]. Then 
f (x) —g(x) = c which is constant in [a, b]. 


Proof. Let h(x) = f(x) —g(x). Then h'(x) = f'(x) — g'(x) = 0 for all 
x in [a, b]. Therefore, by the previous theorem h(x) = c. 


Theorem 5. If f is a continuous real valued function on / and if 
f'(x) > 0 for all x in J except possibly at the end points of J, then f is 
strictly increasing on / and hence f is one-to-one. 


Proof. Let us suppose x4, X2 E I with x, < x2. Then f is continuous 
on | x1, x2] and is differentiable in ( x,,x2). Then by the Mean Value 
Theorem, there is a point c in ( x1, x2) such that 
1 = f (%2)—f (x1) 
f'o = ete. 
Since x, — xı > 0 and f’(c) > 0 by hypothesis, it follows that 


f (x2) — f(%) > 0. That is, f(x) < f(xz). Hence, f is strictly 
increasing on (a,b). So f is one-to-one. 


A similar result holds good when f'(x) < 0 on J and we can 
state the result without proof as follows, since the proof runs parallel 
to the above theorem. 


If f is differentiable on J and f'(x) < 0 for every x E I, except 
possibly at the end points of J, then f is monotonic decreasing on 1. 


Example 4. Find the intervals in which the polynomial 2x? — 15x* + 
36x + 1 is increasing or decreasing. 


Let us take f(x) = 2x3 — 15x? + 36x +1. 


Hence, f'(x) = 6x? — 30x + 36 = 6(x — 2)(x — 3). 
Now f'(x) > 0forx <2and x>3. 

Further f'() <0for2<x<3 

and f'(x) = 0 for x = 2 and x = 3. 


Thus f'(x) is positive in (—o,2) and (3,0) and negative in (2,3). 
Hence, f is monotonically increasing in the intervals (—©, 2], [3, 00) 
and monotonically decreasing in (2,3). 


Theorem 6. If f' exists and is bounded on some interval J, then f is 
uniformly continuous on 1. 


Proof. Since f’ is bounded in the 7, there exists a M > 0 such that 
If'(x)| <M for all x El. Let x1,x2E€1 with x, < x3. Then by 
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applying the Mean Value Theorem to f in [x1, x2], there exists 
c E (x1, X2) such that f'(c) = uae BE 

X2= X1 
Consequently we get from the above hypothesis 


f(x2)-f (x1) 


X27X1 


< M. 


Hence, we obtain from the above inequality |f(x2)— f(x,)|< 
M|xz — x|. Since x, and x, are arbitrary points of J, it follows that 


lf (x2) — fq) | < M|x2 — x,| for all x4, x2 E I. 


To show that f is uniformly continuous on J, let € > 0 be given. Then 
we can choose a ô = = Hence, if x1, x2 E I with |x, — x2| < 6, we get 
If (x2) — f(x%4)| < M|xz — xı| < MS < £, the same 6 serving for all 
points in J. Hence, f is uniformly continuous on /. 


Example 5. Prove that the following functions are uniformly 
continuous: 


(i) f(x) = in [0,2]. 


X+2 


(ii) f(x) = x? + 4x in [-1,1]. 


(i) For the function f in [0,2], f” exists and |f'(x)| < ~ which implies 
that f’ is bounded in [0,2]. So by the above theorem f is uniformly 
continuous in [0,2]. 


(ii) For the function fin [—1,1], f’ exists and |f'(x) < 6| which 
implies that f’ is bounded in [—1,1]. So by the above theorem f is 
uniformly continuous in [—1,1]. 


Now we shall give below a generalization of the Mean Value 
Theorem known as Cauchy’s Mean Value Theorem. 


Theorem 7. Let f and g be continuous functions on the closed and 
bounded interval [a,b] with g(a) #g(b). If both f and g are 
differentiable at each point of the open interval (a, b) and f'(x) and 
g'(x) are not both equal to zero for any x E (a,b), then there exists a 
point c in the open interval (a, b), such that 


O _ f®)-F@ 
g'(c)  g(b)-g(a) ` 


Proof. Let us consider the function h(x) defined as follows: 


h(x) = fx) — fa) - M2 ig) - gla). 


g(b)-g(a) 


Then h(a)=0 and h(b)=0. Using the hypothesis, h(x) is 
continuous in the closed interval [a, b] and differentiable in the open 
interval (a, b). So h satisfies all the hypotheses of the Rolle’s theorem. 
Hence, there exists a point c € (a, b) such that h'(c) = 0. That is 


(c) _ fb)-fla) ' = 
f aojo e ©) = 9 
If g'(c) were zero, then f'(c) would be zero, contradicting the 
hypothesis. Hence g’(c) # 0 so that we have 


FO _ fb)-f@ 

g'(c)  g(b)-g(a) ` 
Note 1. By taking g(x) =x in the above theorem, we obtain the 
Lagrange’s Mean Value Theorem as given in Theorem 1. 


The generalized Mean Value Theorem proved above can be 
given ina slightly different form as follows. 


Theorem 8. If f and g are each continuous on the closed interval 
[a, b] and differentiable on the open interval (a, b), then there exists 
ac in the open interval (a, b) such that 


f'() [s(b) -g(@)] = OU — f(a). 


Proof. Let F(x) = f(x)[g(b) —g(a)] —g(x) [f (b) — f(a)]. Then F is 
continuous on the closed interval [a,b] and differentiable on the 
open interval (a, b). Further, we can check easily that F(a) = F(b). 
Hence, by Rolle’s theorem, there is a point c in the open interval 
(a,b) with F'(c) = 0. But F’(x) = f'(x)[g(b) -g(a)]-g' f) — 
f (a)]. Hence 


F'O) -—s(@]=s' OU) — f(a] 


If g(a) + g(b) and g'(x) + 0 and f'(x) + 0 for all x E (a,b), we can 
write the above expression in the form 


fO)-f@ _ fO 
g(b)-g(a@)g"(c)’ 


Example 6. Find the value of c in the generalized Mean Value 
Theorem for the following pairs of functions: 


(i) f(x) = Vx, g(x) = 2x + 1 in [1,4]. 
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(ii) f(x) = sin x, g(x) = cos x in [=> ol 


(i) f(b) — f (a) = 1, g(b) -g(a) = 6 


1 1 1 
and = ae ® (x) = 2. 
f®)-f@ _ f'@_. 1o 1 
Hence, g(b)—g(a) ga OVS 6 aR 


9 oa: 9 9 
Hence, we get x = T Since JE (1,4), we get c = D 


(ii) the given functions satisfy all the conditions of the generalized 
Mean Value Theorem. Hence, we shall find the value of c as follows: 


f(b) — f(a) = 1 and g(b) — g(a) = 1. 


Also ma = — cos x. Using these we get, from 
f()-f@) _ f'@) 


IO cee ag. 
g(b)-g(a) g(x)’ Y 


The solution of this equation in = 0] is = . so c should be equal to 


TE 


8.4 TAYLOR’S THEOREM AND TAYLOR 
SERIES 


Taylor’s theorem is an extension of the Mean Value Theorem 
of differential calculus. To obtain the Taylor series, we have to 
consider the limit of the remainder after n terms in the Taylor’s 
theorem. Though the different forms of the remainders can be 
obtained from the generalized law of mean, we derive them in the 
integral form, since the integral forms are easy to derive and handle. 

First we shall give a brief motivation leading to the definition of 
Taylor series. Suppose for all x in some interval J, the function f can 
be expressed in the form 


f (x) = ao + a(x — a) + az (x — a)? +++ a,(x-—a)"+-- (1) 


where a E I. Then we say that f is expanded in powers of (x — a). 
Since the series on the right side of (1) expresses f, the question 
naturally arises whether the series on the right side of (1) converges 
to f. Also if it converges to f, let us find whether we can express 
ao, A1,A2, ... in terms of the properties of the function f. Assuming 
that (1) can be differentiated term by term with respect to x 
successively on both sides, we get 


(i) f'(x) = a, + 2a2(x — a) + 3a3(x — a)? + 
(ii) f(x) = 2a, + 2.3 a3(x — a) + 3.4a,4(x — a)? + 
and after nth differentiation, we get 


(Ma) =n! an+ (n +1) ...2 an41(x — a) + (n + 2)(n + 
1) ...3 an42(x — a)? +- (iii) 


If the substitution x = a on both sides (i), (ii), and (iii) are permitted, 


then we get 
a = f(a), a, = f'(a), az = 2! f" (a), f P@ = nlan 
f'a) 
T 
(n) 
a) + (x-a)? +- 420 O (x — a)” + (2) 


(2) is called the Taylor series of the function about x = a. When 
a = 0, we get from (2) the following expansion 


‘(0 0 (o 
FO = $0) +E x4 FO p OOO yng. (3) 


The expansion (3) of at x = 0 is called the Maclaurin series for f. 


Note. For the expansion of f atx =a, f(a) must exist for all 
n = 1,2,3, .... The series may not converge for any x except x = a. 


For investigating the Taylor series, first we shall consider the 
partial sum of Taylor series with remainder which tends to zero for 
large values of n yielding Taylor series. So we shall establish the 
following theorem known as Taylor’s formula. 


Theorem 1. (Taylor’s Formula). Let f be a real valued function on 
[a,a+h] such that f™+Y(x) exists for every x € [a,a +h] and 
f+ (x) is continuous on [a,a + h]. Then we have 


fœ = ra 


— a)" + Rn+1 (x) for x E [a,a + h] 


—a)+ x-a) tert 


FM) 
n! (x 


where Re) =—f*(x— 8)" fD edt. 
Proof, First we shall establish that 


if Rayx) = L fœ- t)” fe (e)de, then 
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f™(a) 
Ra) — Raval) === 


To see this, we have by integration by parts 


Ra) = — J" (x —t)" fOr (Edt 


-t)” t=x i = 
= [Ero] cot make FO @at 
— SO" F(a) + Ral). 
It follows that 


R C) — Ravi) = = fa) (4) 
Using (1), we shall establish Taylor’s formula. 


From the definition of R,,(x), we get 


Ry(x) = | F'O dt = f(x) - fa) 


Further from (1), we get 


R, (x) — R(x) = — (x — a); 
Ro(x) — R(x) =EL x — a)? 
Proceeding in this manner, we get 
Ra(z) — Ran 0) = EO @— a)". 
Adding all the above equations, we obtain 


— a) +O (a)? + 
f™(a) 
= (x = a)". 


—Ryyi(X) = 


From the above we get 


f(x) = —a) + 


a)” + Rp41) 


f'a) 
2! (x 


which completes the proof of the theorem. 


— a)” for x €[a,ath] ,n=1,2,3,... 


Note. The Taylor series of f around x =a need not converge in 
general to f(x) at any point x in the neighbourhood of x = a. For 


example consider the function f(x) = eV/x* ify # Oand f(x) = Oif 
x = 0. We shall show in the next section that f has derivatives of all 
orders at every point in the neighbourhood of x = 0 and for all n, 
f™ (0) = 0. The Taylor series around 0 is given by 


f'o) f''O) 2 f™(0) 
fO + == i erred Tino r +e 


This series has sum zero. But the sum of the Taylor series at any 
other point in the neighbourhood of x = 0 is different from zero. 
Thus the series of the function does not converge to f(x) for any 
point in the neighbourhood of x = 0 except atx = 0. 


The following theorem gives the condition under which the Taylor 
series of f converges to f (x). 


Theorem 2. The Taylor series of f converges to f(x) atx = a if and 
only if R a(x) > 0asn > æ. 


Proof From the Taylor’s formula, we get 
= a (x- =n " (x-a)? e(n-1) 
fx) = fa) + 52 a +S pra) + + SR Oa) + 
Rn (x) a 
where R,() is the remainder after n terms. 


Let 
p(x) = f(a) + +22 f(a) + EÉ +--+ SA foa) 
(2) 
From (1) and (2), we get f(x) = s,(x) + R,(x) . The Taylor series 
converges to f(x), then s,(x) > f(x) as n > œ. This implies and is 
implied by lim,_,.. Rn (x) = 0, when 

Sn (x) = f (x) — Rn (x). 


Note. Further the function in the note under theorem 1 cannot be 
represented by Taylor series about the origin. By Taylor’s theorem, 
the expansion of the function about the origin, 


f'(0) f"") £™O) 
FO) A rt ae Ra) 
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1 
where R,,(x) = e x7. Now R(x) does not tend to zero as n > ©, 
1 
Hence, e x? cannot be represented by Taylor series. 
Since the convergence of the Taylor series depends upon the limit of 


the remainder term R,,,(x) as n > ©, we shall put the remainder 
term in two different convenient forms due to Lagrange and Cauchy. 


Theorem 3. 
remainder) 


(Taylors formula with Lagrange’s form of the 


Let f be a real valued function on [a,a + h] such that f"*1(x) exists 
for every x € [a,a+h] and f”*t is continuous on [a,a + h]. Then if 
x E [a,a + h], there exists a number c with a < c < x such that 


f'@ f" f(a) 
[Qa OPe CHO CSO Peta oe 


i fort 1) (a) 
) (n+1)! 


(x = aye’ 
The same result is true if h < 0. In that case, [a,a + h] is replaced by 
la+h,a]. 


Proof. We shall apply the Second Mean Value Theorem of integral 
calculus in the integral form of remainder. Then 


Ra) = So (x — 8)" fF Oat 


_ F+) x _ n = fOr (c) (x—t)rt1 
7 n! Í (x t) dt = n! (n+1) 
for some c € [a,x]. Then we get from the above 


fr (c) 
(n+1)! 


Rn+i) = (=a 


which completes the proof. 


Corollary 1. Let x = a + h, then c =a + Oh, where 0 < 6 < 1. Hence 
making these substitutions in the theorem, we get 


1 " (n) 
path) =f ten ny +f tO pn 
f@Y(a+ Oh) ee 
(n+ 1)! 


Corollary 2. (Maclaurin’s Theorem with Lagrange’s Form of 
Remainder ). 


= PO), FO 2, AEO n FPO) nya 

f(x) = f(O) + oe a ee Ga sd 

Proof. Taking a = 0 and h = x in Corollary 1 we obtain Maclaurin’s 
theorem with Lagrange’s form of remainder in [0, x]. 


Theorem 4. (Taylor’s Formula with Cauchy Form of Remainder ). 


Let f be a real valued function on [a,a + h] such that f+) (x) 
exists for every x €[a,a+h] and f+? (x) is continuous on 
[a,a +h]. Then if x €[a,a+h| there exists a number c with 
a <c < x such that 


' n (n) 
fo =f) +E a-a) + @-a)? +--+ aa + 


2! 


(x — c)” (x — a). 


FDO)" 
(n+1)! 


The same result is true for h< 0 and [a,a + h] is replaced by 
[a+h,al]. 


Proof. Applying the second Mean Value Theorem of integral calculus 
taking the integrand as a whole, we get 


1 fe (n+1) o Aan? 
Rui z) (x ty" FD (Edt = poe m 


a 


for some c E [a,a + h], Thus we have 


Poe 
—— 


Rni(X) = a 


(x-a) 
which completes the proof. 


Corollary 1. Let x =a+h. Then c =a+ 68h for some 0<0<1. 
Hence, there exists 8 with 0 < 8 < 1, such that 


fla+h)= 


f'a), f'a, SO pn 1 FETM@+ON) 7. oynpn+1 
Tata ta Ree Ve A 
Corollary 2. (Maclaurin’s Theorem with Cauchy Form of 


Remainder). 


f™1 (6x) 


_ PO oT" O34 gt On 
f(x) = f(0) + 1! x+ 2! x“ + + n! x + (n+1)! 


Cy 
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Proof. Taking a = 0 and h =x in Corollary 1, we get Maclaurin’s 
theorem with Cauchy’s form of remainder in [0, x]. 


Example: Write down Taylor formula with Lagrange form of 
Remainder for f(x) = log(1 + x) abouta = 2 and n = 4. 


The Taylor’s theorem about a = 2 for n = 4 is 


f(x) =f@+ Oa 2) PO -22+ 2 @-2)? 
oa O 
f (x) = log(1 +x), fO=ap f"@) = 
fO) = E ; fYO RX) = =a fO) = 


Hence the required expansion, 


1 (x-2) 1 (x-2? 2 (x-2) 
6 (x-2) 1 24 


ts, A Son ee == 5 
a a aoe S 


where c is between 2 and x in (—1, œ). 


8.5 POWER SERIES EXPANTION 


Introduction 


The terms of the series which we have examined so far (with the 
exception of those considered in the chapter on Uniform Convergence) 
were for the most part, determinate numbers. In such cases the series may 
be characterized at having constant terms. This, however, was not 
everywhere the case. In the geometric series}, r”, for instance, the terms 
only become determinate when the value of r is assigned. Our 
investigation of the behavior of this series did not terminate with the 
mere statement of the convergence or divergence, the result was: thee 
series converges if |r| < 1, but diverges if |r| > 1. The solution thus 
depends, as do the terms of the series, on the value of a quantity left 
undetermined a variable. In this chapter we propose only to consider, in 
detail within the scope of the present work, series whose generic term 
has the form a,x", i.e., we shall consider series of the form 


ao + A,X + Anx* + + anx” + = Vg anx" 


Such series are called power series (in x) and the numbers a, (dependent 
on n but not on x) their coefficients. 


Definition. 


For x = 0, obviously every power series is convergent whatever be the 
value of the coefficients. The most important fact about a power series is 
that either: 


1. it converges for no value of x other than the self-evident 
point x = 0, we then say that it is nowhere convergent, e.g., 
X n”x” converges for no value of x other than x = 0, 


or 
il. it converges for all values of x, and is then called 
everywhere convergent, 
x” 1 A x” 
e.g., nl’ = ) ne 
or 
iii. (the general case) it converges for some values of x and 


diverges for others the totality of points x for which it converges 
is called its region of convergence. 


Thus, if X; a,x" is a power series which does not converge everywhere 
or nowhere, then a definite positive number R exists such that }, apx” 
converges (indeed absolutely) for every |x| < R but diverges for every 
|x| > R. The number R, which is associated with every power series, is 
called the radius of convergence and the interval, | — R, R[, the interval 
of convergence, of the given power series. 


The behavior of a power series at |x| = R, depends entirely upon the 
character of the sequence {ap} of its coefficients. For instance, both the 


2s vs 
n2’ n 


converge when |x| < 1 and diverge when |x| > 1. When |x| = 1, the 


series 


first series converges while the second diverges at x = 1, and converges 
at x = —1. 
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Power Series 


NOTES 


Self-Instructional material 


Power Series 


NOTES 


Self-Instructional material 


In the section, we shall derive some properties of the functions which can 
be expressed in terms of power series, i. e., the functions of the form 


f(x) = Xn=0 anx”, or f (x) = Yn=0 a" (x — a)", 


the former being the power series expansion of f(x) about the origin, 
while the latter is about x = a. This can, however, be thought of in the 
reverse direction also. In the interval of convergence, the power series 
X ax” or Ya,(x — a)” has a definite sum f(x) for each x, and usually 
different sum for a different x. In order to express this dependence on x, 
we write 


f(x) = X anx”, or f(x) = X an (x - a)”, 
f(x) is then called the sum function of the series. 


Before proceeding to the next theorem, let us understand an 
important distinction between the intervals of absolute and of uniform 
convergence. An interval of uniform convergence must include its end 
points but the interval of absolute convergence need not. 


Thus, if a power series converges absolute and uniformly for 
|x| < R, we express this fact by saying that it converges absolutely in 
]— R,R[, and uniformly in [-R + £,R — £], no matter which € > 0 is 
chosen; the latter interval may be replaced by [—R,, R14], R4 < R. 


Theorem 4. If a power series }, anx” converges for |x| < R, and let us 
define a function 


f(x) = ÈX anx”, |x| < R, 


then }, apx” converges uniformly on [—R + €,R — £], no matter which 
€ < 0 is chosen, and that the function f is continuous and differentiable 
on ]— R, R[, and 


f'(x) = Ynayx™™, |x| < R 
Let £ < 0 be any number given. 
For |x| < R — €, we have 
|anx"| < |an|(R — £)”. 


But since }, an (R — £)”, converges absolutely (every power 
series converges absolutely within its interval of convergence), 
therefore by Weierstrass’s M-test, the series } apx” 
uniformly on [~R + ¢,R — e]. 


converges 


Again, since very term of the series } a,x" is continuous and 
differentiable on | — R, R|, and a,x” is uniformly convergent on 
[-R + €,R — e], therefore its sum function f is also continuous and 
differentiable on | — R, R[. 


Also, linasa lid |S imya lan SAR 


Hence, the differentiated series ¥na,x""1 


series and has the same radius of convergence R as $} apx”. 
Therefore, }, nax” is uniformly convergent in [—R + ¢,R — e]. 


is also a power 


Hence, f’(x) = X na,x""1,|x| < R. 


Corollary. Under the hypothesis of the above theorem, f has 
derivatives of all orders in] — R, R[, which are given by 


o0 


("= ` n(n — 1)... (n-m + 1Japx"™ 


n=m 
and in particular, 
f™(0) = m! am M = 0,1,2, .. 


[Here, as usual, f™ denotes the mth derivative of f for 
m = 1,2,3, ..„ and f® means f.] 


Let f (x) = ao + a,x + a3x? +... +anX" + 


By the above theorem, f(x) is differentiable any number of 
times. Let us differentiate m times. 


a fL = Qa, + 22x + 3a3x? + e +na,x"-! + 7 
fO (x) = 2.1azx + 3.2a3x? + 4.3a4x? ... tn(n— Danx™? +... 
f(x) = 3la3 + 4.3.2a4x +... #n(n — 1)(n — 2)apx"? + .. 


f(x) = 4!a, +... tn(n—- 1)(n— 2)(n — 3)ayx™* +... 


f(x) = m!am +(m+1m(m=—-1)..2-dmarX + +n(n— 
1)..(n —m+1)a,x"™™ +... 


= n-m n(n —1)..(n-—m-+ 1)a,x"™ 
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Also 
f™ (0) = m! an 
the other terms vanishing at x = 0. 


Now, it appears natural to pose the question whether the 
converse assertion is true. The problem can be stated follows. 


Suppose a function f(x) is infinitely differentiable on an 
interval |—R,R[, R #0. We can formally construct the Taylor’s 
series for this function: 


f'o) f"'O) 2 f™(O) 
f (0) seer as rte lee Se ae +e 


Now does this series converge on the interval ] — R, R[, and will its 
sum be equal to the function f in case it exists? It turns out that in 
general the answer to the question is negative which can be 
confirmed by the example of the function 


= ae forx #0 
ee @ forx=0 


In fact it can be easily verified that the function is infinitely 
differentiable through the x-axis and that at the origin , we have 


f (0) = f'(0) = f"(0) = + = f™(0) =0 


Consequently, all the coefficients of the Taylor’s series of the function 
are equal to zero. Thus the Taylor’s series converges on the entire x- 
axis and its sum is identically equal to zero, whereas the function 
takes on a zero value only at the origin and so we fail to express f as 
a power series. 


Abel’s Theorem 


In this section we shall prove that for a power series which has a 
given radius of convergence and convergent at an end-point of the 
interval, the interval of uniform convergence extends up to and 
includes that end-point. Moreover, in that case the sum function f is 
continuous not only in | — R, R[, but also at the end point. This is 
proved in Abel’s Theorem: 


Theorem. Abel’s Theorem (First form). 


n 


If a power series X} p-o Qn x” converges at the end point x = R of the 


interval of convergence | — R, R|, then it is uniformly convergent in 
the closed interval [0, R]. 


we Shall show that under the assumptions of the theorem, 
Cauchy’s criterion for uniform convergence is satisfied on the closed 
interval [0, R]. This will imply the uniform convergence of the series 
on [0, R]. 


Let Snp = an+1 R"** + Anya R”? ++ Ang yp R”, p = 1,2,3,.. 
Then obviously Anyi R"t* = Sna 


n+2 _ 
An+2 R —9n,2 7 Sad 


An+p RMP = Snp — Snp-1 
Let £ > 0 be given. 


Since the number }i7-_) a, R” is convergent, therefore by Cauchy’s 
General Principle of convergence, there exists an integer N such that 
forn >N, 


[Sngl < g, for all q = 1,2,3,... (2) 


Taking into account that 


a < an Bnd Cl á 1, for 0 zack 


and using equations (1) and (2), we have forn > N 


n+1 n+2 n+ 
lan+1 x + An+2 X + + Ansty X P| 


ansa RG) + ansa R2 (E) ++ anyo R™ (5) | 
_ lS C E Ha oe. ey” E g“ Po 
+Spp-1 l “ee B m " Siy o | 


= [sual - G+ inal” - G+ 


n+1 
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n+1 
-9 s: 


foralln > N,p = 1 and for all x € [0, R]. 


Hence by Cauchy’s criterion , the series converges uniformly on 
[0, R]. 


Theorem. Abel’s Theorem( Second form). 


If ia, x" be a power series with finite radius of convergence R, 
and let 


fœ) =} anx", -R <x<R 

If the series }, a„ R” converges, then 
limy+sp—o f (x) = X an R” 
Let us first show that there is no loss of generality in taking R = 1. 
Put x = Ry, so that 
Xan x" = Ya, R"y" = } bay”, where b, = an R”. 
It is a power series with radius of convergence R’, where 
; 1 


R = —————- =1 


Imlay, R”|1/” 
Thus, it will suffice to prove the following: 


Let Xo an x” be a power series with unit radius of convergence and 
let 


fœ) =X0 anx”, -l<x<1 


Ifthe series }, a„ converges, then 


(oe) 


im) T i7 an 


0 


Let S, = dy +a, +a + + an, S1 = 0, and let 7, a, = S, then 


m m m-1 m 
>. an X” = »G — Sn-1) xX” = >. Sy x" + Sy x™ - Se x 
n=0 n=0 


n=0 n=0 
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= > Sn x” — Xm nad anh + Sm x” = (1 x) H Sn x” + 
m 


Sax: 
For |x| < 1,whenm > œ, since Sm > S,and x™ > 0, we get 
f@) = A- x) Mneo Sn x", forO <x <1 (1) 
Again, Sn > S, for € > 0, there exists N such that 
IS, — S| 2, for alln > N (2) 
Also (=) eo X” = 1, [xl <1 (3) 
Hence, for n > N, we have, for 0<x <1, 
If (x) — S| = |G — x) Manzo Sn x” — S| [using (1)] 
=| = x) Yn=o(Sn — S) x" [using (3)] 
s (1—x) YheolSn—Sla" +5 (1-2) Diva x” — [using (2)] 


Sa) Dinan ln sess 


But for a fixed N, (1—x) YN_, |S, — S|x” is a positive function of x, 
having zero value at x = 1. Therefore, there exists ô > 0, such that 
forl1—d <x <1, 


(1-2) DheolSn— Sx” <5. 
lf(x) -sI <Ż+Ż= €é,when 1- 6<x<1. 
Hence, lim,_,;-9 f(x) = S = Yio an- 
Corollary. If the series }(—1)” a, converges, then 


limys-140 f(x) = L(-1)" an. 


Putting y = —x, and b, = (—1)" a, we have 


limys—140 f (x) = limy.-140 Udy x” = 
limys—140 &(—1)”an (—x)” 


= Yyo1-0 È bn y” = } bn. 
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Check your progress 
1) State Roll’s Theorem 
2) State Darboux Property 
3) State mean value theorem for derivatives 
4) If f and g be any two real valued differentiable functions on 
[a,b] such that f'(x) =g'(x) for all x in [a,b]. Then? 
f (x) —g(x) = c which is constant in [a, b]. 


8.6 ANSWERS TO CHECK YOUR PROGRESS 
QUESTIONS 


1) If f is continuous real-valued function defined on a bounded 
and closed interval [a,b] with f(a) = f(b) = 0 and differentiable at 
every point x in the open interval (a, b) such that f’(c) = 0. 

2) If f has derivative at every point of the closed interval [a,b], then f’ 
takes on every value between f'(a) and f'(b). 

3) If f is a continuous function on the closed and bounded 
interval [a,b] and if f'(x) exists for all x in the open interval (a, b) 


such that f'(c) = AA 


4) Let f and g be any two real valued differentiable functions on 
[a,b] such that f'(x) =g'(x) for all x in [a,b]. Then f(x) —g(x) = c 
which is constant in [a, b]. 


8.7 SUMMARY 


e (Rolle’s theorem) If f is continuous real-valued 
function defined on a bounded and closed interval [a,b] with 
f(a) = f(b) =0 and differentiable at every point x in the open 
interval (a, b) such that f'(c) = 0. 

e (Darboux Property) If f has derivative at every point of the 
closed interval [a, b], then f’ takes on every value between f'(a) and f'(b). 

e (Mean value theorem for derivatives) If f is a 
continuous function on the closed and bounded interval [a,b] and if 
f'(x) exists for all x in the open interval (a,b) such that f'(c) = 
f@)-f(@) 

b-a 
e If f is a real valued function defined on closed interval [a, b], 
such that f'(x) = 0 for all x in the open interval (a,b), then f(x) 
must be a constant in the open interval (a, b). 


° If f and g are each continuous on the closed interval 
[a,b] and differentiable on the open interval (a,b), then 
there exists a c in the open interval (a, b) such that 

f(c) [g) -g(a)] = FOP) — f(a]. 

° (Taylor’s Formula) Let f be a real valued function on 
[a,a +h] such that f+) (x) exists for every x € [a,a + h] 
and f +(x) is continuous on [a,a + h]. Then we have 


fa) = f@) +O2@-a) +2 -ay? +--+ FOG - 
a)" + Rn+1(x) for x E€ [a,a + h] 

1 
where Rax) = — fox =f)" fD (ede. 
The Taylor series of f converges to f(x) at x = aif and only 
if R,(x) > Oasn > œ. 


° (Taylors formula with Lagrange’s form of the 
remainder) 
Let f be a real valued function on [a,a + h] such that f"*+(x) 
exists for every x E€ [a,a +h] and f”*? is continuous on 
[a,a + h]. Then if x € [a,a + h], there exists a number c with 
a < c < x such that 

f =f) +E - a) + Oa)? ++ 
Fyn + Ea 
The same result is true if h < 0. In that case, [a,a +h] is 
replaced by [a + h,a]. 
° (Taylor’s Formula with Cauchy Form of Remainder ). 
Let f be a real valued function on [a,a+h] such that 
f(x) exists for every x € [a,a +h] and f™t (x) is 
continuous on [a,a + h]. Then if x € [a,a +h] there exists a 
number c with a < c < x such that 


f(x) = f(a) + f'(a) (x _ Py A f'(a) (x _ a)? Shed 


1! 2! 


CON ) (n+1)( \(x- yn 
a (x-a)" + nae (x —c)"(x — a). 


The same result is true for h<0 and [a,a+h] is 
replaced by [a + h,a]. 
e Abel’s Theorem (First form). 
If a power series )iv_)a, x" converges at the end point 
x =R of the interval of convergence |—R,R[, then it is 
uniformly convergent in the closed interval [0, R]. 
e Abel’s Theorem( Second form). 
If ia, x" be a power series with finite radius of 
convergence R, and let 
f(x) =Xa,x",-R<x<R 
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If the series >) a, R” converges, then 
lim, p—o f(x) = Yay R”. 
8.8 KEYWORDS 


e (Rolle’s theorem) If f is continuous real-valued 
function defined on a bounded and closed interval [a,b] with 
f(a) = f(b) =0 and differentiable at every point x in the open 
interval (a, b) such that f’(c) = 0. 

e (Darboux Property) If f has derivative at every point of the 
closed interval [a, b], then f’ takes on every value between f'(a) and f'(b). 

e (Mean value theorem for derivatives) If f is a 
continuous function on the closed and bounded interval [a,b] and if 
f'(x) exists for all x in the open interval (a,b) such that f'(c) = 


f)-f(@ 
b-a 
8.9 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 
1) Give the geometrical interpretation of the mean value 
theorem. 


2) Show that the real valued function f(x) = x? + 2 defined on 
[1,3] is strictly increasing. 

3) Show that ~log(1 + x) decreases as x increases from 0 to ©. 
4) Show that x? — 3x? + 2x +3 is monotonically increasing in 
every interval. 
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9.0 INTRODUCTION 


The Riemann integration is a basic concept in mathematical 
analysis, since it relates to boundedness, continuity and 
differentiability. In this chapter, we shall give a detailed and rigorous 
account of Riemann integration, proving the basic property of 
integration as anti-derivative which comes out as the fundamental 
theorem of calculus. In this chapter, we shall consider only the real 
valued function. 


9.1 OBJECTIVES 


After going through this unit, you will be able to: 
e Understand what is meant by Riemann Integral 
e Discuss Daurbox’s theorem 


e Discuss the Conditions for Integrability 
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9.2 DEFINITION OF THE RIEMANN 
INTERGRAL 


Definition 1. Let J be a bounded and closed interval of . Let f bea 
bounded real valued function defined on J. Let us define the 
following 


M[f;1] = lubye: f(x), m[f;1] = glbye: f(x). 


Definition 2. A partition P of [a,b] is a finite subset{x9, x1, X2,..., Xn} 
of [a, b] such that P: a= xo < x4 < X3 < ... < Xn =b. 


The points xo, X1, X2, .., Xn are called the points of sub-division of 
[a, b]. The closed interval 


h = [xo x1], h = [x1, x2], In = [Xn-1 Xn] 


are called the component intervals of [a,b]. For the partition P, we 
have in the above notation 


Mf; 1) = lub f(), mlfst] = glb f(x) 
where k = 1, 2,3,...,7. 
From the definition of partition we have 
m[f; I] < m[f; Ik] < M[f; Ik] < M[f; I] for each k. 


Definition 3. Let f be a bounded function on the closed bounded 
interval [a, b] and let P be any partition of [a, b]. We define the upper 
sum of f corresponding to the partition P as 


Ulf; P] = Xk-1 Mf; Ix] Ml. 
Similarly, the lower sum of f is defined as 
LIF; P] = Xk- mlfs Ix] Mel: 
Since m[f; Ik] < M[f; Ig] always, we have 
Lf; P] < U[f; P]. (1) 


Note. Geometrically, U[f; P] is the sum of the areas of circumscribed 
rectangles and L (f; P) is the sum of the areas of inscribed rectangles 
of the curve y = f(x) corresponding to the partition P, if f is a 
continuous and non-negative function on [a, b]. 


Lf; P| 


a X2 Xk b 


U[f;P] 


From the definition of partition, we have the following property. 


9.3 DAURBBOUX’S THEOREM 


Theorem 1. For any partition P of [a, b], we have 

m[f;P](b — a) < L[f; P] < U[f; P] < M[f; P](b — a). 
Proof. For each k = 1, 2,3, ...,n, we have 
mf; 1I] |I| < m[f; Ik] Hel < MIF; Ik] Hel < MIF; 1] Myl. 


Hence, [a, b] for the partition P, we get 
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mif; I) Yeni Vel < Deer MUP; Ik] Hel < Ek-1 MUS; Ik] Hkl < 
MĪf; I] Xk=1 lll. 


From this we get 
m[f;I](b — a) < Lif; P] < U[f; P] < M[f;I](b — a). 


From the above inequalities, we conclude that the set of all lower 
sums L[f; P] is bounded above for every P and an upper bound for 
the lower sums is the real number M[f; P](b — a). Similarly, U[f; P] 
is bounded below for every P and a lower bound is the real number 


m[f; P](b — a). 


Definition 4. Let f be a bounded function on the closed and bounded 
interval [a, b]. The upper integral of f over [a, b] is defined as 


f° f(x)dx = glbp U[f; P] (2) 


where glb is taken over all possible partitions P of [a,b]. Similarly 
the lower integral of f over [a, b] is defined as 


b 
J_ fdx = lubp L[f; P] (3) 
where lub is taken over all partitions P of [a, b]. 


For simplicity the upper and lower integrals of f in [a, b] are denoted 
-b b 
by f, fand f f. 


Since the set of all lower sums L[f; P] for all possible partitions 
is bounded above by Theorem 1, the lower integral exists. Similarly, 
the set of all upper sums U[f;P] is bounded below for every 
partition, the upper integral exists. Further from the inequality (1), 


we have a ae (4) 


Definition 5. If f is a bounded function on the closed and bounded 
interval [a, b], f is said to be Riemann integrable on [a, b] provided 


b -b 
TSh r 
The common value of the upper and lower integrals is denoted by 
Sf or I f(x)dx and called the Riemann integral of f with respect 
to x in [a,b]. 


Example 1. Each constant function f (x) = c is Riemann integrable on 
any interval [a, b]. 


Let P:a = xo < X1 < X3 0 < Xk-1 < Ay < Xn-1 < Xn = b bea 
partition of [a, b]. Then 
X € Ilel = c(b = a) 


>, € lel = c-a) 


Since P is arbitrary, it follows that U[f; P] = L[f; P] = c(b — a) for 
every partition P of [a,b] and for = c(b — a) and LF = c(b—a) 


are equal. 


UIf; P] = > MUfs tel Ihe 


LUfsP] = >. mf ted Wel 


Thus f is Riemann integrable and SF =c(b-a). 


Example 2. Let f(x)=x (0<x<1). Let o be the partition 
12 3 


{0,-,=,=,1} of [0,1]. Compute U[f; o] and L[f; o]. 


444 


For the given partition o, the component intervals of [0, 1] are 


n= esia ssia sli 
{= Al’ 2 TA’ al’ 3 TA’ al’ 4 14? 


1 2 3 
MIf;hl=q, MIfshl=7. MIfi ls] = 7, M[f;1,] =1 
1 2 
m[f; L] = 0, m[f;h]=—, m[f; Iz] =-, m[f;l,] =— 
4 4 4 
Hence, let us find U[f, o] and L[f, o]. 
Now, U[fso] = Yea MU: Ik] Hl 
-1 142 1,3 1,41 
4 4 4 4 4 4 4 
B 1,2,2 4 10 5 
— 16 16 16 16 16 8 
4 
LUfiol = >. mIf; fel We 
k=1 
1 p41 12 13 1 
4 4'4 AA 44 
=0+Ż4+ Lane 2 b o3 
16 16 16 16 8 


3 
=< 


Hence, we get [f; o] = =, Lif; o] = 
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Example 3. Let f(x) = x*. For each n EN, let o, be the partition 
1 


NOTES {0,-, es of [0,1]. Compute lim, Ulf; onl] and 
lim, 00 LAS} Onl- 


Now the component intervals of the partition P are, 


n = [o] r= r= [E1 n =|=] 
n O nl” 2 In’ n] 3 inn p "74 n n 


mifi = E) fid =("—)? 
Hence, UL; on] = 4 ~+ (=)? + (2)? cee | (=)2.- 


= S[1+ 2+ 37+ ..4n7]. 


Ulfionl = = ee and hence, limy-c. ULf; on] = =. 


n3 


1 1 1 2 1 3\,1 n—1\,1 
LIf; on] = 0.=+ (=)2.<+ (£) -5+ (=)2.=+--+/( )2.= 
n n n n n n n n n 


= [1+ 2+ 32+ + (n- 1) 


B S ee | 


. Hl 
=< i and hence, lim), L[f; on] = = 


The partition P* of [a, b] is called a refinement of P, if each point of 
subdivision x; of P is also a point of subdivision of P* . The 
partition P* is called the common refinement of the partitions P, 
and P,, if P* is the refinement of both P, and P,. Every pair of 
partitions P, and P, has common refinement. For example 
P* = P, U P, consisting of the points of P} and P, is a common 
refinement of both P, and P. The length of the largest of the 
component intervals of the partition is denoted by ||P||. That is 
IPI = Max <pen(X~ — X~-1). Using these we have the following 


theorem. 


Self-Instructional material 


Theorem 2. Let f be bounded function on [a,b]. Then every upper 
sum for f is greater than or equal to every lower sum for f. That is, if 
P, and P, are any two partitions of [a, b], then U[f; P,| = Lif; P2]. 


Proof. To prove this, first we shall establish that if P4” is any 
refinement of P} and P,” is a refinement of P}, then 


U[f; Pı] = ULf; Py" ] and Lif; P2] = L[f; P2" |. (1) 


That is, any refinement of the given partition decreases the upper 
sum and increases the lower sum. It is enough if we prove the case 
where P,” is obtained from P, by adding only one point of 
subdivisions. We suppose that P has component intervals 
Liste jen Ik, -In and P“ has component intervals. 
h, h sue Ig lg”, cy In where Ig = I,” UE, and |I| = M| + l. 
since I, C IĪķ, we have M[f;Iķ“] < M[f;IĮ] and M[f; Ik] < 
M[f; Iņ]. 


Hence we have, 


n 


ULf; Py] = > M[ fs 5]. [Gj | + MIF; he) he | + MIF; Ik]. M| 
j=l j#k 
< Dh joe M[f; 5]. [5] + MIF; iel. hel + Ue D 


< U[f; Pi]. 
Hence, we have U[f;P,"] < U[f; Py]. 
In a similar manner , we can show that L[f; Pa] < L[f; P2*]. 


Now since P, U P, is a refinement of both P, and P}, we have from 
the above 


U[f; Pa] = U[f; Pi U P3] = L[f; Pi U P3] = LIf; P2]. 


Note. From the theorem, we get glbU[f;P,| 2 lub Lf; P,] 
where glb and lub are both taken over all partitions of [a, b]. 


For, if P, is any partition of [a,b], then from the theorem, 
L[f; P,] is the lower bound for the set of all upper sums U[f; P4]. 
Hence we get L[f;P] < glb U[f;P,] for every partition Pz. But 
b U[f; P,| , is the upper bound for the set of all lower sums L[f; P2]. 
Hence, we get 
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lub Lif; P2] < glb U[f; P4]. 


Using the above inequality, we get immediately from the definition 
of upper and lower integrals 


J? fda < [7 Foddx. 


9.4 CONDITIONS FOR INTEGRABILITY 


Theorem 3. Let f be a bounded function on the closed bounded 
interval [a,b]. Then f is Riemann integrable if and only if for every 
£ > 0, there exists a subdivision P of [a, b] such that 


Ulf; P| —L[f;P] <<: 


Proof. First suppose that for the given e¢>0, there exists a 
partition P such that (1) is true. Then since 


f° F@)dx < U[f; P] and Lear > iF EP); 
Hence, using these two in (1), we get f° fx)dx — f? f@x)dx <E. 


Since € > 0 is arbitrary, we get from the above 
-b b 

| f(x)dx < Í f(x)dx 
a =q 


From the previous note, we get SË F dx < S” f(x)dx. 


Hence we have from (2) and (3), f? fGddx = f° F@)dx, so that 


f is Riemann integrable in [a, b]. 

Conversely, suppose f is Riemann integrable in [a, b]. 
—b b 

Then f, f= gbp U[f;P,] = lubp LIf; P2] =f f 


Given € > 0, from the definition of glb, we can choose a partition P, 
such that 


—b E 
UIF; P] < S f+. 
In the same manner, we can choose a partition P, such that 


LIF; P] > f? f -E 


Using the fact that f is Riemann integrable, we get 


Lif; P2] +=> Ulf; Pa] =| 
Now, considering the common partition of P, and P, 
LĪf; P, U P3] += > U[f; P, U P3] —5. 
Now, considering P, U P, as single partition P, we get 
U[f;P]— Lif; P] < e. 
This completes the proof of the theorem. 


The following theorems illustrate the use of the above 
criterion of integrability for a bounded function in a closed and 
bounded interval. 


9.5 INTEGRABILITY OF CONTINUOUS & 
MONOTONIC FUNCTIONS 


Theorem 4. Every continuous function on [a, b] is Riemann 
integrable. 


Proof. Suppose f is continuous on [a, b] and let £ > 0 be given. We 
shall show that corresponding to this £ > 0, there exists a partition P 
for [a, b] such that 


Ulf; P| — Lf; P] < e. 
By the uniform continuity of f on [a, b], there isa dé > 0 such that 


IF- fO) <- whenever x,y € [a,b] with |x — y| < ô. 


Let P be any partition of [a,b] with [IPI < ô. By the property of 
continuous function on the closed interval [x;,_1,x;,], there exists 
points x,’ and xg” E [Xk-1 Xg] such that 


f (x,') = My and (x;"") = mg. 
Now, |X! — XK" | < [Xk Xk-1l = Hl < [IPI < ô. 


Hence, My — my = |f xx") — f(x") | < — fork = 1,2,...,n. 


Hence, U[f; P] — L[f; P] = Èk-|M[f; Ik] — m[f; hell 


= Veailf x’) — f&r”) Hl 


Riemann integration 


NOTES 


Self-Instructional material 


Riemann integration 


NOTES 


Self-Instructional material 


£ £ 
S aika kl =z basse. 
Hence, f is Riemann integrable on [a, b]. 


Theorem 5. If f is monotone on [a, b], then it is Riemann- integrable 
on [a,b]. 


Proof. If f is constant on [a, b], then it is Riemann integrable on [a, b] 
by Example 1. 


Since we can give a similar proof for monotonic decreasing case, 
we assume that f is monotonic increasing on [a, b] and f(a) < f(b). 
Let £ > 0 be given. We shall show that there exists a partition P on 
[a, b] for which U[f; P] — L[f; P] < £. Let P be any partition on [a, b] 


à € š b i x 
with [IPI < KORTEN Then since f is increasing on [a, b], we have 
M[f; Ik] = f (xk) and m[f; Ik] = f (xk-1) for k = 1,2,...,n 
Hence, U[f; P] — LIF; P] = Lear MIF; Tiel el — Dena MIS; Illl 


= Ek- [M[F; Ik] — mf; Ikl] el 
= Wreill (Xn) — f (X&r-1)]ll 


< RO- To 1f ne) — f Œr-1)] 


f(b)-f (a) ae fn) — f(%o)] = £. 


Hence, by Theorem 3, f is Riemann integrable on [a, b]. 


Check your progress 
1) Define Riemann integrable 
2) Provide the conditions for integrability 
3) What is the integrability of continuous function? 
4) What is the integrability of the monotone function? 


9.6 ANSWERS TO CHECK YOUR PROGRESS 
QUESTIONS 
1) If f isa bounded function on the closed and bounded 
interval [a, b], f is said to be Riemann integrable on [a, b] provided 
Laf =S f 


The common value of the upper and lower integrals is denoted by 


M for D f(x)dx and called the Riemann integral of f with respect to 


xin [a,b]. 


2) 
[a,b]. 


Let f be a bounded function on the closed bounded interval 
Then f is Riemann integrable if and only if for every € > 0, 


there exists a subdivision P of [a, b] such that 


3) 


U[f;P]— Lf; P] < e. 
Every continuous function on [a, b] is Riemann integrable. 


4) If f is monotone on [a,b], then it is Riemann- integrable on 
[a, b]. 


9.7 


SUMMARY 


Let I be a bounded and closed interval of . Let f be a 
bounded real valued function defined on 7. Let us define the 
following 

Mf; I] = lubze; f(x), m[f;I] = glbyer f(x). 
A partition P of [a,b] is a finite subset{x9,x1,%2,..., Xn} of 
[a,b] such that P: a = xo <x, < X3 < ... < Xn =b. 


The points Xo, X1, X2, .-, X, are called the points of sub- 
division of [a, b]. The closed interval 
L = [xo x1], h = [x1, x2], odn = [xn-1 Xn] 


are called the component intervals of [a, b]. For the partition 
P, we have in the above notation 
MIf; I] = lub f(x), m[f;1] = glb f(x) 
xEI xEI 
where k = 1,2,3,...,7. 
From the definition of partition we have 
m[f; I] < m/f; Ik] < Mf; Ik] < M[f; I] for each k. 

Let f be a bounded function on the closed bounded interval 
[a, b] and let P be any partition of [a, b]. We define the upper 
sum of f corresponding to the partition P as 

U[f; P] = Xk-1 MIF; Ix] likl. 
Similarly, the lower sum of f is defined as 

LIF; P] = Xk- MI; Ix] Mel: 
LIf;P] < U[f;P]. 
Let f be a bounded function on the closed and bounded 
interval [a, b]. The upper integral of f over [a, b] is defined as 
fa” F@)dx = glbp ULF: P] (2) 
where glb is taken over all possible partitions P of [a,b]. 
Similarly the lower integral of f over [a, b] is defined as 
[Pf dx = lubp LIf; P] (3) 
where lub is taken over all partitions P of [a, b]. 


e Iff isa bounded function on the closed and bounded 
interval [a, b], f is said to be Riemann integrable on [a, b] 


provided 
b -b 
La =le T 
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The common value of the upper and lower integrals is denoted by 
if or fo fœdx and called the Riemann integral of f with respect 
to x in [a, b]. 

e Let f be a bounded function on the closed bounded 
interval [a,b]. Then f is Riemann integrable if and only if for every 
€ > 0, there exists a subdivision P of [a, b] such that 

U[f; P| —L[f;P] < €. 

e Every continuous function on [a, b] is Riemann 
integrable. 

e If f is monotone on [a, b], then it is Riemann- integrable 
on [a,b]. 


9.8 KEYWORDS 


° If f is a bounded function on the closed and bounded 
interval [a, b], f is said to be Riemann integrable on [a, b| provided 


b -b 
Lt =h f 
The common value of the upper and lower integrals is denoted by 
cy or fo fedax and called the Riemann integral of f with respect 
to x in [a, b]. 


9.9 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


1)Find whether f is Riemann integrable on [0,1] and justify your 
answers. 


DOs 
i) fe) = [x -5 | 
iii) f(x) = [x] 
2) If f is continuous on [0,1], prove that lim, X g=1 f (=) = i f. 


9.10 FURTHER READINGS 


1) Arumugam & Issac, Modern Analysis, New Gamma Publishing 
House, Palayamkottai, 2010. 

2) Richard R. Goldbrg, Methods of Real Analysis, Oxford & IBH 
Publishing Company, New Delhi. 

3) D. Somasundaram & B. Choudhary, A first course in 
Mathematical Analysis, Narosa Publishing House, Chennai. 

4) M.K. Singhal & Asha Rani Singhal, A First Course in Real 
Analysis, R. Chand & Co. June 1997 Edition. 

5) Shanthi Narayan, A Couse of Mathematical Analysis, S. 
Chand & Co., 1995 


UNIT 10 INTEGRAL FUNCTIONS 


Structure 
10.0 Introduction 
10.1 Objectives 
10.2 Existence of Riemann Integral 
10.3 Properties of the Riemann Integral 
10.4 Continuity & Derivability of integral functions 
10.5 The Fundamental Theorem of Calculus 
10.6 Answer to Check your Progress 
10.7 Summary 
10.8 Keywords 
10.9 Self Assessment Questions and Exercises 


10.10 Further Readings 


10.0 INTRODUCTION 


All the different conditions we have stated in the previous 
discussion for Riemann integrability of bounded functions on a bounded 
and closed interval [a,b] are only sufficient. In this section, we shall first 
explain how the concept of continuity is related to the Reimann- 
integrability and characteristic the Reimann integrable functions by using 
functions continuous almost everywhere. For such a characterization, we 
shall first introduce the concept of a set of measure zero. If J is an interval 
of real numbers, let |Z| denote the length of the interval. 


10.1 OBJECTIVES 


After going through this unit, you will be able to: 
e Discuss existence of Riemann integral 
e Discuss properties of the Riemann Integral 


e Discuss the Continuity & Derivability of integral functions 


10.2 EXISTENCE OF RIEMANN INTEGRAL 


Defenition 1. A subset F of R is said to be of measure zero if 
for each € > 0, there exists a finite or countable number of open 
intervals (/,,) such that E c Up_, In and Èn In| < £. 
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Note. Hence E is a set of measure zero, if given € > 0, E can be 
covered by a union of open intervals whose total length is less than 
£. It is easy to see that a set consisting of one point of measure zero. 


The following theorems give some properties of sets of 
measure zero which we need in our discussion. 


Theorem 1. If each of E4, F>,..., of R is of measure zero, then U;_, En 
is also of measure zero. 


Proof. Let us fix £ > 0. Since E, is of measure zero, for each positive 
integer n, there exists a finite or a countable number of open 


intervals which cover E,, and whose total length is less than a Then 


the union of all such open intervals for all n covers U;_, E,and the 
length of all these countably many intervals is less than 


ae acre ee te 
— — eee — eee E. 
2 22 2n 


Hence, we get U%-1 En is a set of measure zero. 
Corollary. Every countable set of R is a set of measure zero. 


This follows by using the fact that one point sets are of 
measure zero in the theorem 


Definition 2. If a property is true on [a, b] expect on a set of measure 
zero, then the property is said to be true almost everywhere on [a, b] 
or for Imost all points of [a,b]. That is, the set of points of [a,b] at 
which the property is not true is a set of measure zero. 


Thus if f is continuous almost everywhere in [a, b], then the 
set of points E of [a,b] at which f is not continuous is a set of 
measure zero. 


Example. If A is not of measure zero, if B c A, and if B is of measure 
zero, prove that A — B is not of measure zero. 


If A — B is not of measure zero, then let it be of measure zero. 
Now A = (A — B) UB. By hypothesis B is of measure zero and by 
assumption (A — B) is of measure zero. Since union of a finite 
number of sets of measure zero is of measure zero. A = (A — B) U B 
is a set of measure zero contradicting that A is not a set of measure 
zero. Hence A — B is not a set of measure zero. 


Example 2. If a < b, prove that [a,b] cannot be covered by a finite 
number of open intervals whose total length is less than b — a. 


Since [a,b] is a bounded and closed interval, every open 
covering of [a, b] contains a finite subcovering. Hence, it is enough if 
we prove that for a finite collection of open intervals covering [a, b], 
Srila >b-a. 


Since a is contained in UÉ [,, there must be one of the J,,’s 
which contains a. Let this be the interval (a,,b,). We have 
a, <a < b4. If b,j <b, then b; E [a,b] and since b, E [a,b], there 
must be an interval (a2,bz) in the collection (Ip) such that 
b E (az, bz). That is az < b, < bz. Proceeding in this manner, we get 
a sequence (a4, );),..., (ak, bx) ... from the collection (J,) such that 
ai < Dj_-1 < bi. 


Since (/,) is a finite collection, the above process must 
terminate with some interval (ax,b,). But it ends only when 
b E (ax, bg). That is a, < a < bg. Thus 


Èk- nl > Daa ICar bn) 
= (bk — apg) + (bk-1 — Gey) + = + (bı — a1) 


= bp — (ak — bpg-1) — (ak-1 — De) ee 
(az — by) — ay > by — a4. 


Since a; < b;_,. But bg > b and a, < a and so bẹ — a, > b — a, from 
which we have $£; |n| > (b — a). 


Example 3. Ifa < b, prove that (a, b) is not of measure zero. 
Now from Example 2, [a, b] is not of measure zero. 


But {a, b} € [a,b] is of measure zero. By Example 1, [a, b] — {a,b} = 
(a, b) is not of measure zero. 


Example 4. Prove the following: 


i. The set of rational numbers Q is of measure 0. 

ii. The set of all irrational numbers is not of measure zero. 
Since Q is a countable set, the set Q of all rational number is of 
measure zero follows by Corollary 1 of Theorem 1. 


The set R of all real numbers is not of measure zero. Q C R is 
of measure zero. Hence, Qf = R — Q is not of measure zero by 
Example 1. 
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Theorem 2. Let f be a bounded function on the closed and bounded 
interval [a,b]. Then f is Riemann integrable if and only if f is 
continuous at almost every point in [a, b]. 


Proof. Let us first suppose that f is Riemann integrable in [a,b]. 
Then we have to show that the set D of points in [a,b] at which f is 
not continuous is of measure zero. Now by Theorem 1 of 5.9, x € D if 
and only if w[f; x] > 0. Hence let D = U?_, Dm where each Dn is the 


set of all points x in [a, b] such that w[f; x] > =, To prove that D is of 


measure zero, it is enough if we show that each D,, is of measure 
zero. 


Let m be fixed. Since f is Riemann integrable, given ¢ > 0 
there exists a partition P of [a, b] such that 


U[f; P] -LIf;P] < 


E 
2m ` 


Hence, if h, lh, ..., In are the closed component interval of P, we have 


>, olf fel lld =. MIF: ed lel- È mf; Fe Mel 
k=1 k=1 k=1 


= U[f; P] — L[f; P] < = by Hypothesis. 
Hence, we have from the above 


Dia Gl Gl el < o sekai (1) 


Now let Dm = Dy, U Dy, where Dp is the set of points of Dm that are 
the points of the partition and Dm = D — Dm. Since there are only 
finite number of point of the partition in Dp, we see that 
Dm CJ, U J2 U ...U Jp, where J; s are the open subintervals such that 


E 
lal + Val ++ pl <5 
But if x E€ Dm, then x is an interior point of some Ig. Hence, we have 
1 
olf; lk] = olf; x] > —. 


If Iki» digs Ty, are those component intervals of P which contain a 
point of Dm in their interior, we have 


= (|e, | + |fieg| + 2° + [ee |) < OLFs Ml + + [Fs Le, IIe, | 


Hence, we have from (1), 


E 
(isl + Mica] + liel) <5: 


1 


Since Dy, is covered by the interiors of Ip,» Ik,» +.» Ik, and since Dm is 
covered by JoJz Jp, ìt follows that Dm is covered by a finite 
number of intervals, sum of whose lengths is less than e€. 


Hence, Dm = Dm U Dm is a set of measure zero. 
To prove the converse, we need the following lemma. 


Lemma. If w| f; x] < a for each x in a closed bounded interval J, then 
there o of J such that 


Ulfso] —LUfio] < af eee (2) 


Proof. For each x € J, there is an open interval J, containing x such 
that w[f; x] < a. Since J is compact, a finite number of these I, will 
cover J. Let o be the set of end points of these 1%. If L, Iz, ..., In are the 
component intervals of ø, we have w[f; x] < a for k = 1,2,...,n and 
hence (2) follows easily. 


Now let us assume that f is continuous at almost every point 
of [a,b], we have to show that fis Riemann integrable on [a,b]. 


. eae b-1 
Given € > 0, choose aa positive integer m such that — A 


If Dm İs defined as the first part of the proof Dm is of measure 
zero. Hence Dm © Uù=1 In where each J, is an open subinterval of 
[a, b]. Since olf; la, b]| > 0, let us take 


— E 
> nl < 2w|f; [a, b]| 


But we know that D,, is closed in R. Hence D,, is a closed subset of 
[a, b] and is thus compact. Therefore, a finite number of intervals of 


the (In) will cover Dm. Let them be In, In.) «In, + 


Now [a,b] — Un, U In, U soll A is a union of closed intervals 


JoJo “o Jp 


That is, [a,b] = (In, U In, U -~ U In, U Ji U faut) 
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Since no interval J;(i = 1, 2, ...,p) contains a point of Dm, there exists 
(by the lemma) a subdivision cg; of J; such that 
Vil 
Ulf; oi] — LIF; oil < T 

Now define a partition P of [a,b] as P = 0, Uo, U ... U oy. Then the 


component intervals of P are the component intervals of 64, 09, ..., Op 
together with In,» In,» >In, Hence we have U[f;o]—LIf;o] = 


P UI; od — LIF; oil + Eka [M[Fs ni] — mif; inil) nl 
1 Dp k 
< FD Vil + > Olf nallin 


b-a £ 
<T olfila bl] > Inl 
i=1 


<= + o[f; la, b] —— 

=+o|f;[a,b]] —————— = E£ 

2 2w|f; [a,b]] 

Hence, by Theorem 3 of 8.1., f is Riemann integrable on [a, b]. So the 
proof of the theorem is complete. 


Example 5. Determine whether the following functions are Riemann 
integrable 


i. f(x) = sin=for 0 < x < 1 and f (0) = 2 
i. à f@œ)=n, if x =< when n= 1,2,3.., and f(x) =0 
otherwise for x € [0,1]. 


iii. f(x) = x? if x is rational and f(x) = 0 if x is irrational 
iv. Let f(x)=0 for x in [0,1] and f(x) =1 for 


x € {0,— 2 T 


10°10? ` 
(i) 0 is the only point of discontinuity of f in [0,1]. Hence, f is 
continuous almost everywhere in [0,1]. Son it is Riemann integrable 
in [0,1]. 
(ii) The function is continuous in [0,1] except at the points 
x= {0,1,5,5, E l. Since the point of discontinuous are countable and 


any countable set is a set of measure zero, the function is continuous 
almost everywhere on [0,1]. Therefore, f is Riemann integrable. 


(iii) Every point of [0,1] is a point of discontinuity of f. 
Hence, f is discontinuous throughout the interval 
[0,1]. So f is not Riemann integrable on [0,1]. 


(iv) From the definition, f is continuous everywhere 
š 1 2 3 š . 
except at the points {0,—,=,=,...} which is 

10 10 10 


countable and so that function is continuous almost 
everywhere. Hence, f is Riemann integrable on [0,1]. 


Example 6. Find w[f; 0] for the function f defined on [0,1] as follows: 
f(x) = if x + Oand f(x) =1ifx =0. 


In the neighbourhood of x=0, f(x) =0 and by hypothesis 
f(0) = 1. Hence w[f; 0] = 0. 


Example 7. Let C be an arbitrary countable infinite subset of [0,1]. 
Find a function f defined and bounded on [0,1] such that D(f) = C. 
Is f Riemann integrable on [0,1]? 


Let C = {x1,X,..} C [0,1]. 
Let us define the function f as follows: 
f(x) = = if x = x, and f(x) = 0 otherwise. 


The function is continuous in [0,1] except at the set of points 
{X1,X2,X3, ... } which is a set of measure zero. Hence, by the Theorem 
2, f is integrable on [0,1]. 


10.2 PROPERTIES OF THE RIEMANN 
INTEGRAL 


In this section, we shall consider the Riemann integrable 
functions on a bounded closed interval [a,b] and establish some of 
their properties. We shall denote the set of all Riemann integrable 
functions on [a, b] by R[a, b]. 


Theorem 1. If f is Riemann integrable on [a,b] and c is any real 
number, then cf is Riemann integrable and 


[osse fr 
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Proof If c = 0, the theorem is obvious. Since cf is continuous almost 
NOTES everywhere on [a,b], cf is Riemann integrable on [a,b]. If I is any 
subinterval of [a,b] and c > 0, 


M{cf,I] = cM[f;/]. 
Hence, for any partition P of [a, b] we get 

Ulef;P] = cU[f; P]. 
Therefore, taking glb on both sides of the above, 


f? cf=c LF where c > Q. neseser (1) 


Hence, we have proved the theorem when c > 0. 


For any interval J, we have M[—f;1| = —m[f; I]. Hence, 


b 
| CA = gib UL-f,P) = gib — Lif. P] 


b 
= -tub LIf.P] =- Í f. 


From this, we have 


b b 
{cn=-fr. ara ene) 


This completes the proof of the theorem. 


Theorem 2. If f € R[a,b] and g E R[a, b], then f + g € R[a, b] and 


b 


b b 
fJe+o=ff+fa. 


a 
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Proof By Theorem, the sets D(f) and D(g) of points of 
discontinuities of f and g are both of measure zero. By Theorem, the 
set D(f) U D(g) is of measure zero. 


If x € [a,b] —[D(f) U D(g)], then f,g and hence f + g are 
continuous at x. Thus f + g is continuous at almost every point in 
[a,b] and so f + g E R[a,b]. 


If J is any interval contained in [a,b] and if y € J, we have 


fO)+ gQ) < MIf;J1+ M[g;J]. 


For any partition P of [a,b], we have by using the above 
results 


b 
feto < Ulf + g; P] 
U[f; P] + U[g;P] eee reer OD 


But given € > 0, there is a partition P, of [a, b] such that 


b 

<| f+ ne 
7 

a 


Also there is a subdivision P, of [a, b] such that 


So 


U[f; Pi] < Lf; Pi] + 


b 
Ulg;P:] <Lig;P1+2< fori 


If P = P, U P,, then P is a refinement of P, and P}. So we get 


b b 


uipPl< | f+ , U[g; P 1< [ors 


a a 


NI ™ 


From (1), we get EF +g) < SF + fg +e. 


Since € > 0 is arbitrary, this proves that 
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FEDS f+ AEA 


Since f and g were any Riemann integrable functions, we can 
substitute - f, —g for f and g in (2). 
b b b 
Hence, f, CF — 9) < J, CA + J, C9). 
By using the above theorem we have 


b 


-feras frfa ee e) 


a 


Now multiply both sides of (3) by —1. This reserves the inequality 
and so 


b 


feroz frifo E pve) 


a 


Hence, the theorem follows from (2) and (4). 


Theorem 3. If f € R[a,b] and if f(x) > 0 almost everywhere on 


[a, b], then 
b 
freo 
a 


We have 


b 
mf; I-a) < fs < M[f; 11b - a). 


If f(x) > 0 for every x E [a,b], then m[f; I] > 0. Using this in the 
above inequality, we get 

b 

[reo 

a 


From the above theorem, we have the following corollaries. 


Corollary 1. f € R[a,b] and g E R[a,b] and if f(x) < g(x) almost 
everywhere on [a, b], then Sf < f’ g. 
Proof. By the Theorems 1 and 2, the functions -f and g —f are 


Riemann integrable. Since g(x) — f(x) = 0 by hypothesis, we have 
by the above Theorems 1,2 and 3, 


b b A A A A 
os fa-p=f+em= fat en= a-f. 


From this, we have if < iia g. 


Corollary 2. If f € R[a, b], then |f| € R[a, b] and we have 


b b 
fA < fin 


Proof. Since |f | is continuous at every point where |f| € R[a, b]. 


Since f(x) < |f(x)| = IfI for all x € [a,b], from Corollary 


1 above, we get 
b b 
fs < firi. se Vn oa Ga a aiaia CL) 
a a 


Since -f(x)<|f|(x) for all xe [a,b], we have again using 
Corollary1 above, 


b b 
-ffs firi. E CA) 
From (1) and (2), we get 
b b 
fAs fir 


Note. In the following, we shall give the proof of the first part of the 
above Corollary 2 by using the definition of Riemann integration. 
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Theorem 4. If f € R[a, b], then |f| € R[a, b]. 


Proof. Since f is bounded in [a,b], |f(x«)| < k for every x € [a,b] so 
that |f| is bounded. Let £ > 0 be given and let P = a = xo <x, < 
Xp < Xk < * Xn = b be a partition of [a,b] and let x, y E Ip. 


Then we have the following 
IFO = IFO S FQ) -fO S MIF; Ik] — mIf Ix]. 
As x, y vary over I, we have from above, 
MIIfl tie] — mLIF], Ik] < MIF; Ik] — m[f; Ix] 
This implies 


ULI I] — LUFI; I] 


Since f € R[a,b], we get U[f; Ik] — LIf; Ik] <£ for every 
Ee>0. 


Using (1) in (2), we get U[| fli Jk] — LIIF li Ik] < €. 
Hence, |f| E€ R[a, b]. 


Note. The converse of the above theorem is not true and it is shown 
by the following example. 


Let f be a real valued function defined on [a, b] by 


f(x) = { 1 when x is rational 
—1 when x is irrational. 


For any partition of [a, b]. We can check easily 


J? f =(b-a)and f? f =—-(b-a). 


This implies that f is not Riemann integrable in [a, b]. But |f(x)| = 1 
for every x € [a,b]. Hence, |f| is Riemann integrable and its value 
equals to (b — a). 


Theorem 5. If f € R[a,b] anda < c < b, then 


f € R[a,c],f € R[c,b] and f? f = SE f + f? f. 


Proof The set D of points [a,b] at which f is not continuous is of 
measure zero. Let D, be the set of points of discontinuities of f 
in[a, c]. Then D, C [a,c] is a subset of a set of measure zero and 
hence it is of measure zero. So f € R[a,c]. Similarly f E€ R[c, b]. 


If P is any partition of [a,c] and Q is any partition of [c,b], then 
PU Q isa partition of [a, b] whose component intervals are those of 
P together with those of Q. 


Hence, we have L[f;P]+L[f;Q] =L[f;PUQ]< ei 
and so, we have L[f; P] + L[f;Q] < (mee 


By taking the least upper bound on the left over all P, keeping Q 
fixed, we obtain 


SEF +LIf; Q] SF 


Now taking least upper bound over all Q, we get 


SEFAFI F (1) 


By using similar argument by considering the upper sums, we get 
the reverse inequality, 


r+ reer (2) 


From (1) and (2), we get Lf + S f = f? f. 

Theorem 6. If f is continuous on a closed and bounded interval 
[a, b], if f(x) = 0 for (a < x < b) and if f(c) > 0 for some c E [a,b], 
then Sf (x)dx > 0. 


Proof, From the properties of continuous functions in Chapter 4, 
there exists a 6>0 such that f(x) > - f(c) for some x€ 
(c—6,c +6) C [a,b]. 
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Now we have by Theorem 5, 


i i Ft ae ee 


The above formula can be suitably modified when we have c — ô < a 
or c +6 > b. By Theorem 3 of the order preserving property of the 
integral, we get 


b c+ô 4 1 
[ p>o+ xf) dx + 0 = 265 f(c) = ôf (c) > 0 
a c-6 


This proves that Ce > 0. 


Theorem 7. If f is continuous on [a,b], f(x) = 0 fora < x < b, and if 
if (x)dx = 0, then f is identically zero on [a, b]. 


Proof. By hypothesis f(x) = 0 in [a,b]. If f is not identically zero in 
[a, b], there exists a point c in [a, b] such that f (c) > 0. 


Now f is a continuous function in the bounded closed 
interval [a,b] and f(x) = 0. Since f(c) > 0 for a,c € [a,b], by the 
previous theorem, f f(x)dx > 0 which contradicts the hypothesis. 
Hence f is identically zero on [a, b]. 


Theorem 8. If f is continuous on [a,b] and if F(x) = J. fat for 


some x E (a,b), then F is continuous on [a, b]. 


Proof. Let x',x’’ € [a,b] with x’ > x”. 


Then F(x’) — F(x") = JE f@)ax — JE Fdx = JZ, fdz. 
Now given € > 0, choose 6 = — where M is the lub f(x) in [a,b]. 
Now | F(x’) — F(x")| < M(x' — x") < M— =E. 

Hence, | F(x’) — F (x")| < £ whenever |x’ — x"| < ô. 

This proves that F is continuous on [a, b]. 


Theorem 9. If f € R[a, b], then the following statements are true. 


i. f € R[c,d] for every subinterval [c,d] c [a,b]. 
ii. f? € R[a,b]. 
iii. f.g € R[a,b], whenever g E R[a, b]. 


iv. If f,g €R[a,b], then f/g € R[a,b] where g is bounded 
away from zero. 

v. If f and g are bounded functions having the same 
discontinuities on [a,b], then f € R[a,b] if and only if 
g ER{a, b]. 

vi. Let g E€ R[a,b] and assume that m<g(x)<M for all 
x € [a,b]. If f is continuous on [m, M], then the composite 
function defined by h(x) = f [g (x)] is Riemann integrable on 
[a, b]. 


Proof. (i). Let € > 0 be given. Then there exists a partition P of 
[a, b] such that 


ULf; P][a, b] — Lif; Plla,b]<e 


Let P* = P U {c,d}. The P* is a refinement of [a,b] and by the 
Theorem 2 of 8.1, we have 


U|f;P*|[a,b] < U[f; P][a,b] and Lif; P*|[a, b] = Lf; Pla, b] 


Now let Q = P* N [c,d]. Then Q is obtained by restricting P* to 
[c,d]. Hence we have the inequality, 


ULF; Qllc,d] — Lf; Qllc,d] < U[f; P*]la, b] - L[f; P*]la, bh] (D 


because the left-hand side has fewer terms which are all non- 
negative than the right hand side. Since f € R[a, b], we get 


U[f; P*][a, b] — Lif; P*][a, b] < e. (2) 
Using (2) in (1), we get U[f; Q]lc,d] — LIf; Q][c, d] 
Therefore, we get f € Ric, dl. 


(ii). Let £ > 0 be given and then there exists a partition P of [a,b] 
such that 


U[f;P] —LIf;P] <€ 
We know that M[f?; Ik] = M[ |f|; I]? and m[f?;J,] = 
ml Ifl; Le]? 


U r= M Ie] — m[f?; Fell Il 
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= DEM fle fel? — me [fs fel? Mr 
= CMLL ls fed + mF eDSME Uf Us fel — ml Lf Ls Feel 
< 2A DRA {MI Ifl; i] — mE Ifi LeBel 
where 4 is an upper bound of f in [a, b]. Therefore, we have 
u |;P] -L |f?; P] < 2A (ULF PI- Lifi PI 
Hence, by using theorem 4, we get 


E 


ULF: PI- LIFI P] <5 


Hence, U [77 P| -L |f" P| < cand therefore, f? € R[a, b]. 


(iii) This follows from the following identity and Theorem 2 (ii) 
proved above. 


2 fg) = FE + g - FOP - e? 
(v) Since g(x)#0 for any xeE[a,b], applying (iii), 
cs € R[a, b], 


provided Z € R[a,b] whenever g €R[a,b] under the given 


condition. 
Hence we shall prove that- E R[a, b], whenever g € R[a, b] and g is 


bounded away from zero. 
By hypothesis, g is bounded away from zero and so we have 
|g (x)| > k for every x € [a,b]. 


Let P:a = xo < x1 < X3 < < Xn = b be a partition of [a,b] and 
leta, ß Elk. 


ESNE | _ COOPER 
P 9) ere < glg) - gl. 


From this, we get 


M |E; t|- m|; te] < EMI; he] - mlg; tell. 


This implies U F p|- F P| < Ž[U[g; P] - Lig; PI] (3) 
Since g E R[a, b], given £ > 0, there exists a partition P such that 
U[g; P] — L[g; P] < ke. (4) 
Using (4) in (3), we get U F P| =L |: P| <E. 


(v) This follows by Theorem 2. 


(vi) Since h is uniformly continuous on |m, M], given € > 0, there 
exists a ô > 0 such that ô < £ and 


If(s) —f()| <e,if |s—t|<dands,t E [m, M]. 


Since g E R[a, b], there is a partition, P:a = X9,X1,X2,...,Xn = b of 
[a, b] such that 


U[g; P] — L[g; P] <3". 


Let M*[h;IĻ] and m*ř[h;Ięķ| for h corresponding to M[g;Ięķ] and 
m[g; Ik] on [a,b]. Divide the numbers 1, 2,3,...,n into two groups 
such that k € A if M[g; Ik] — m[g; Ik] < ô and k E B if M[g; Ik] — 
mlg; Ik] = ô. 


Hence, if k € A, our choice of 6 shows that 
M*[h; Ik] —m*|h Ik] < € 
Let A = lub |h(t)| in m < t < M. Then ifk E B, we get 
M*[h; Ik] — m*[h; I,] < 2a. 
Now, ô Yeesel < Erel MIg; Ik] — mg; lel] Wel < 8°. 


From this, it follows that Veal] < ô, 
n 


U[h; P] — L[h; P] = M*[h; Ik] — m*[h; I] Hl 
k=1 


< Erea M*[h; Ik] — m*[h; Ik] el + Ères M*[h; Ik] — 
m*[h; Ik] lIl 


< e[b-—a] + 246 
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< e[b-—a] + 24e. 


Since £ > 0 is arbitrary, we geth € R[a, b]. 


10.5 THE FUNDAMENTAL THEOREM OF 
CALCULUS 


In the previous chapter, we have established that there are 
real valued functions which are not the derivatives of any function 
on [—1,1]. In the following theorem, we shall establish that if f is 
continuous on [a,b], there exists a function F on [a,b] such that 
F'(x) = f(x), thus establishing the link between the concepts of 
derivative and integral. 


Theorem 1. (First Fundamental Theorem of Calculus). If f is 
continuous on the closed bounded interval [a, b] and if 


F(x) = f° f(t) dt, then F' (x) = f(x) fora <x <b. 


Proof. For any fixed x € [a,b], choose h + 0 and x +h E [a,b]. Then 
we have the following: 


x+h x 


F@e+h)- FG) = f foae-| fdt 


x+h 


a 
=f fdt+ f fŒ dt. 
We can rewrite the above step as, 
F(x +h) — F(x) = f" fO dt. (1) 


Since f is continuous on the closed and bounded interval [x,x + h], 
we know that f attains a maximum value M and a minimum value m 
at points of [x,x + h] by Intermediate Value Theorem of continuous 
functions. Hence, there exist points t,t, E [x,x +h] such that 
f(t.) =m, f(tz) = M andm < f(t) < M. So we get 


mat < fe" fO dt < [M dt (2) 
But fo" m dt = hmand f°" M dt =Mh (3) 
Therefore, using (3) in (2) we get 


x+h 


mh < f7" fŒ) dt < Mh. 


So, we can find a @ such that m < 80 < M and 


x+h 


=z] f(t) dt 


Since f takes every value between m and M by Intermediate Value 
Theorem of continuous functions, there must exists a point c(h) in 
[x,x + h) such that f[c(h)] = 0. Thus we have proved that if h > 0, 
there exists c(h) in [x,x + h] such that 


Fle(h)] ==f2"" f(t) dt 


F(xt+h)-F(x) _ 


JF = F[c(h)] 


From (1), we get 


Since x < c(h) < x +h, we have limpo c(h) = x. 


Since f is continuous at x, the right side of (4) has the limit 
f(x). Hence, the left side of (4) approaches F’(x) as h > 0. So we get 


F(x+h)—-F(x) _ 


PPO = F(x). 


F' (x) = limp so 


In the above proof, we have assumed that h is positive. If h is 
negative, we take [x + h,x] instead of [x,x + h] and make suitable 
modification in the proof. 


Note. The continuity of f is only a sufficient condition for a function 
to be a derivative of a function on [a,b]. The continuity is not a 
necessary condition as shown in the Example 7 of 7.1. 


Instead of assuming continuity throughout [a, b], we assume f to be 
continuous at any point x of [a,b] and f E€ R[a,b]. Under this 
hypothesis, we have the following theorem. 


Theorem 2. If f € R[a,b], if F(x) = f* f (t) dt where a < x < band 
if f is continuous at xg € [a, b], then F' (xo) = f (xo). 


Proof For h > 0, let I(h) denote the interval [x9, xo + h]. If w[f; 1(h)] 
is the oscillation of f in I(h), we have for t € I(h), |f(t) — f(xo)| < 


w[f;I(h)]. So 
fo) — olf; Ih] < FO < fo) + offs ICh] 
where t E I(h). 


Hence, we have 
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n[f Co) — olf: 1I] < fe" Fat < hlf Co) + Offs N. 


Since h > 0, we have after dividing by h, 


F(xo+th)-F(x0) 


f(%o) — olf Ih] Ss — a S$ Sfo + olf 
Since f is continuous at xg by hypothesis, we have 
limpso Lf; I(h)] = 0 (2) 


Taking the limit as h > 0 in (1) and using (2), we get 


F' (xo) = f (xo). 


In the above, (1) is established for h > 0. We can establish (1) if 
h < 0 in a similar manner. 


DEFINITION 1. A function F is called a primitive or an antiderivative 
of a function f on a bounded closed interval [a, b] if F'(x) = f (x) for 
all x in [a,b]. 


The First Fundamental Theorem of calculus states that we can 
always construct a primitive of a continuous function by integration. 


Now we shall prove the second fundamental theorem of 
calculus establishing integration as the anti-differentiation or 
reverse process of differentiation. 


THEOREM 3. (Second Fundamental Theorem of Calculus). If f is a 
continuous function on the closed bounded interval [a,b] and if 


p'(x) = f(x) for x € [a, b], then fo fœ)dx = p(b) — (a). 


Proof. Let F(x) = LFO dt. Since f is continuous, by the First 
Fundamental Theorem, we have 
F'(x) = f(x) fora < x <b. (1) 


By hypothesis, ġ'(x) = f(x). Hence, we have F'(x) = $'(x) 
for all x € [a, b]. Hence, by the Theorem 4 of 7.3, F(x) = (x) + c for 
a < x < b and for some constant c in R. 


Hence, F(b) — F(a) = [$ (b) + c] — [p (a) + c] = (b) — (a). 


But F(a) = FO dt = 0 from the definition. 


Thus, F(b) = $(b) — (a). Since F(b) = f? f(t) dt, we have 


S? f@dt = o(b) - pCa). 


Example 1. If (x) = 3 sin x + 2e*, find the primitive F of f and use 


the Second Fundamental Theorem to evaluate fp f (x) dx. 


Now let F(x) = 2e*% — 3 cos x whose derivative is the given function 
f in any bounded closed interval [a,b]. Since sinx and e* are 
continuous in [a,b], 3 sinx + 2e~ is continuous in [a,b]. Hence, by 
the Second Fundamental Theorem of Calculus, we get 


Le sin x + 2e*) dx = F(b) — F(a) = 2(e? — e“) — 3(cosb — 


cos a). 


Theorem 4. If f(x) is continuous in the bounded closed interval [a, b] 
then there exists a number c lying between a and b such that 


b 
J, f(x) dx = (b — a)f (0). 

Note: Recharge ABCD < LF dx < Recharge AEFD 
Proof. \et b > a. We can rewrite the above inequality as 


1 b 
m < -= fa f(x)dx < M. 


>| 


Severe Ne ee a ete ae E Ss ae 


a b x 


1 pb ; 
So h f(x)dx is a value between m and M of a continuous 


function on [a,b]. Therefore, by Intermediate Value Theorem for 
continuous function in [a,b], f takes this value at some point c of 
[a, b]. So we get 
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O dx = f (c) for some c in [a, b]. 


This proves that f? f(x)dx = (b — a)f (c). 
Check your progress 
1. Define the measure zero set 
2. State First Fundamental Theorem of Calculus. 
3. Define primitive 
4. State Second Fundamental Theorem of Calculus. 


10.6 ANSWERS TO CHECK YOUR PROGRESS 
QUESTIONS 


1) A subset E of R is said to be of measure zero if for each € > 0, 
there exists a finite or countable number of open intervals (J,,) such 
that E c Up. Ín and Ùn llnl < €. 


2) If f is continuous on the closed bounded interval [a, b] and if 
F(x) = f? f(t) dt, then F' (x) = f(x) fora < x < b. 

3) A function F is called a primitive or an antiderivative of a 
function f on a bounded closed interval [a,b] if F’(x) = f(x) for all 
xin [a,b]. 

4) If f is a continuous function on the closed bounded interval 


[a,b] and if ġ'(x) = f(x) for x € [a,b], then f? f@)dx = p(b) — 
(a). 


10.7 SUMMARY 


e A subset E of R is said to be of measure zero if for each 
€ > 0, there exists a finite or countable number of open intervals (In) 
such that E c UP_, In and Xn [In| < E£. 

e Ifeach of E, Ez, ... of R is of measure zero, then 
U?-1 En is also of measure zero. 

e Every countable set of R is a set of measure zero. 

e If a property is true on [a,b] expect on a set of 
measure zero, then the property is said to be true almost everywhere 
on [a, b] or for almost all points of [a, b]. That is, the set of points of 
[a,b] at which the property is not true is a set of measure zero. 

e Let f be a bounded function on the closed and 
bounded interval [a, b]. Then f is Riemann integrable if and only if f 
is continuous at almost every point in [a, b]. 


e If f is Riemann integrable on [a,b] and c is any real number, 
then cf is Riemann integrable and 


[or=e fr 


e Iff €R[a,b] and g E R[a,b], then f + g € R[a,b] and 


b b b 
Jo+o= [r+] o. 


e Iff € R[a, b] andif f(x) = 0 almost everywhere on [a, b], then 


b 
reo 


e f €R{a,b] and g E R[a,b| and if f(x) < g(x) almost 
everywhere on [a, b], then Ce < f? g. 
e Iff € R[a,b], then |f| € R[a, b] and we have 


b b 
fA < fin 


e Iff € R[a,b], then |f| € R[a,b]. 

e Iff € R[a,b] anda <c < b, then 
f € R[a,c], f € R[c,b]and f? f = SE f+ f? f. 
e If f is continuous on a closed and bounded interval [a, b], if 
f(x) =0 for (a < x < b) and if f(c) >0 for some c € [a,b], 
then Sf (x)dx > 0. 

e If f is continuous on [a,b], f(x)2 0 for a<x <b, and if 
Sf (x)dx = 0, then f is identically zero on [a, b]. 

e If f is continuous on [a,b] and if F(x) = S feat for some 
x E (a, b), then F is continuous on [a, b]. 


e First Fundamental Theorem of Calculus: If f is continuous on the 
closed bounded interval [a, b] and if 
F(x) = f? f(t) dt, then F' (x) = f(x) fora < x < b. 
e Iff E€R[a,b],if F(x) = f? f(t) dt where a < x < b and if f is 
continuous at xo € [a, b], then F' (xo) = f (xo). 
° A function F is called a primitive or an antiderivative of a 
function f on a bounded closed interval [a, b] if F'(x) = f(x) for all 
xin [a,b]. 
° Second Fundamental Theorem of Calculus: If f is a continuous 
function on the closed bounded interval [a,b] and if ġ' (x) = f(x) 


for x € [a,b], then f? f(x)dx = $(b) — ¢(a). 
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e If f(x) is continuous in the bounded closed interval [a, b] then 


there exists a number c lying between a and b such that i f(x) dx = 


(b — a)f (c). 
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e A subset E of R is said to be of measure zero if for each 
£ > 0, there exists a finite or countable number of open intervals (n) 
such that E c UP, In and Ùn |In| < €. 

e Ifa property is true on [a, b] expect on a set of measure 
zero, then the property is said to be true almost everywhere on [a, b] 
or for almost all points of [a, b]. That is, the set of points of [a,b] at 
which the property is not true is a set of measure zero. 

e A function F is called a primitive or an antiderivative of 
a function f on a bounded closed interval [a, b] if F’(x) = f(x) for all 
x in [a, b]. 


10.9 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


1) Prove that if f is continuous on [0,1] and if g(x) = f(x) 
almost everywhere x E [0,1], then g is continuous almost everywhere 
in [0,1]. 
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11.0 INTRODUCTION 


In this chapter we introduce a class of functions called 
contraction mappings and we prove a simple result regarding 
contraction mappings on a complete metric space. We illustrate the 
use of this theorem in classical analysis by proving the existence and 
uniqueness of solution of a differential equation of first order. 


11.1 OBJECTIVES 


After going through this unit, you will be able to: 
e Understand what is meant by Contraction Mapping 


e Discuss the applications of contraction mapping 


11.2 CONTRACTION MAPPING 


11.2.1 Definition and Examples 


Definition: Let (M,d) be a metric space. A mapping T:M > M is 
called a contraction mapping if there exists a positive real number 
æ < 1 such that d(T(x),T(y)) < a d(x,y) for all x,y E€ M. 
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Note: If T is a contraction mapping then the distance d(T (x), T(y)) is 
less than the distance d(x, y). Thus applying T to any two points x, y 
contracts the distance between the two points. 


Example 1. T: lo, z] > lo, z] defined by T(x) = x? is a contraction 
mapping. 
1 
Proof. Let x, y € lo, z], 
Then d(T (x), T(y)) = |x? — y?l 
= |x+yllx—y 


< ‘ix — y| (since x,y < 5 


E (x,y) 


2 
+ d(T (x), TO)) < =d(x,y) 
Hence T is a contraction mapping. 


Example 2. T:R — R defined by T(x) = =X is a contraction mapping 
since d(T(x),T(y)) = = d(x, y). 
Example 3. T:l, > l, defined by T(x) = (xn) is a contraction 
mapping where x = (xn). 
Proof. Let x, y E l}. Let x = (xn) Y = Yn). 

Xn Yn 271? 1 (os) 2711/2 
Now, d(T(x),7)) = [Dees (2-4) | = ER — yn)? 

=<d(x,y). 

.. T is a contraction mapping. 


Example 4. Let T: [0,1] > [0,1] be a differentiable function. If there is 
a real number a with 0 < a < 1 such that |T' (x)| < a for all x € [0,1] 
where T” is the derivative of T then T is a contraction mapping. 


Proof. Let x,y € [0,1] and x < y. 


By mean value theorem T (y) — T(x) = (y, x)T' (z) where x < z < y. 


~ITO) -THI = ly — x1 |T| < aly — xl. 
~ d(T (y),T(x)) < ad(y,x) and0<a<1. 


.. T is a contraction mapping. 


11.3 CONTRACTION MAPPING THEOREM 
AND ITS APPLIVATIONS 


Theorem 11.1 Let T:M —> M be a contraction mapping. Then T is 
continuous on M. 


Proof. Since T is contraction mapping 
d(T (x), T(y)) < d(x,y) for all x,y € Mu... (1) 
Let € > 0 be given. Choose 6 = €. 
Then d(x, y) < 6 = d(T(x),TQ)) <£ (by (1)) 
.. T is continuous. 


Theorem 11.2 (Contraction mapping theorem) 


Let (M, d) be a complete metric space. Let T: M > M be a contraction 
mapping. Then there exists a unique point x € M such that T(x) = x. 


(i.e.) T has exactly one fixed point. 


Proof. Let xọbe an arbitrary point in M. 


Let x, =T(%) 
X_ = T(x) 
X3 = T(x2) 

Xn = T(Xn-1) 


We claim that (x,) is a Cauchy sequence in M. Since T is a 
contraction mapping, there exists a real number a@ such that 


0< a< 1andd(T(x),T(y)) < a d(x,y). 
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Oe Bag = d(T G4), T Gy) 
NOTES S 4d O%n—1%n) 
< a’ d(Xn-2, Xn-1) 


< a? d(Xn-3, Xn-2) 


< a"d(Xo, x1) 
SAN Xna) S Q d (Xor Xy) ested (1) 
Now, letm,n E Nandm >n. 
Then d(Xm Xm) S d(Xn, Xn+1) + d(Xn+1 Xn+2) + + d(Xm-1:Xm) 
< a”d(xo, x1) + a™*1d (xo, x1) + 
+a™td(xo, x1) using (1) 


= a”d (xo, X1 )[1 + æ + a? + + a™"t] 
1 
< a”d(xo, x1) El 
Thus d(%q,%m) <= Totu for all m,n such that m > n. 


Now, since 0 < a < 1, the sequence (a”) > 0. 
Given € >0 there exists a positive integer n, such that 


a" d(xo,X1) 
1-a 


< eforalln > n4. 

Then d(xn, Xm) < € forall m,n > n4. 

Hence (xn) is a Cauchy sequence in M. 

Since M is complete there exists x € M such that (xn) > x. 
Also by Theorem, T is continuous and hence (T(x)) > T(x). 


~ TŒ) = limpo T (Xn) Sy aes Xn+1 = X. 


Thus T(x) = x. 


Self-Instructional material 


Hence x is a fixed point of T. 

Now, Suppose there exists y E€ M such that y + x andT(y) = y. 
Then d(x,y) = d(T(x),T(y)) < ad(x, y). 

“d(x, y)(1—a) <0. 

But d(x,y) > 0 and 1 — a > 0 whichis a contraction. 

«x is the unique fixed point of T. 


Theorem 11.3 (Picard’s Theorem) 


Let az = f(x,y) be a given differential equation where f(x,y) is 


continuous in a closed rectangle 
F = {(x%,y)/a, < x < a, and b, < x < bz} 


and satisfy the Lipchitz condition given by |f(x, y1) — f(x,y2)| < 
M|yı — y2| for all (x, yı) and (x, yz) E F. Let (xo, Yo) be an interior 
point of F. Then there exists a unique solution y = g(x) of the 
differential equation such that (xo) = yo. 


Proof. We first replace our problem by an equivalent problem 
relating to an integral equation. 


Let y = g(x) be a solution to the given differential equation 
such that (xo) = yo. 


Then = (p) = f(x, p). 
Integrating from xo to x we get g(x) — o (xo) = Ir, f(t,g@))dt. 


(i.e) p(x) = Yo + L AOON. A (1) 


Now, if y = p(x) satisfies the integral equation (1), then it 
satisfies the given differential equation and (xo) = yo. 
~ It is enough to prove that the integral equation (1) has a 
unique solution. 
Now, since f is continuous on the compact set F, it is 
bounded. 
.. There exist a real number k > 0 such that 


Oe) |i for all (x,y) E F seaitersinssieciicaseroeiatann (2) 
Now, choose a real number 6 > 0 such that M6 < 1 and a 
rectangle 


F, = {(x,y)/|x — xo| < 6 and |y — yo| < kô} contained in F. 
Let C* be the set of all continuous functions 
o E C[xo — ô, xo + 6] such that |ø (x) — yo| < kô. 
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Applications 
By solved problem, C* is a complete metric space. 
Let o E C*. 
NOTES Define T(¢) = y where y(x) = yo + fe. f@oe(@))dt. 

Clearly w is continuous. 

Also, |Y — yol = I< F(t. e@)atl. (from 1) 
< k(x — xo) 
< kô 

~ [pQ@) — yol < kô. 
< pec 


.. T is a mapping from C* > C*. 
Now we claim that T is a contraction mapping. 


Let 1,2 E C*, T (91) = Yı and T (p2) = Y2. Then 


MORTORE Í LF (t, p16) - F(t, p2(©)ldt 


< Jè If (t, a1) - g(t, p2(©))ldt 


<M f? |pi(t) — p2(t)ldt 
(using Lipchitz’s condition) 
< M(x, xo) sup{lp t) — g2(t) |} 
< Môd(p1, P2). 
Thus |Y: (x) — Y2 (x)| < Môd (p1, P2). 
~ d(T (91), T(p2))| < Môd (p1, P2). 


Since Mô < 1T is a contraction mapping. 


Hence there exists a unique function g € C* such that T (ọ) = @. 


= p) = yo + S ft pdt. 
= g is the unique solution of the integral equation (1). Hence the 
theorem. 


Self-Instructional material 


Check your progress 

1) Define contraction mapping 

2) IfT:M > M is a contraction mapping. Then T? 
3) State contraction mapping theorem. 


11.4 ANSWERS TO CHECK YOUR PROGRESS 
QUESTIONS 


1) Let (M, d) be a metric space. A mapping T: M > M is called a 
contraction mapping if there exists a positive real number a < 1 
such that d(T(x),T(y)) < a d(x,y) for all x,y E€ M. 

2) LetT:M — M be a contraction mapping. Then T is continuous on 
M. 

3) Let (M,d) be a complete metric space. Let T:M > M be a 
contraction mapping. Then there exists a unique point x € M 
such that T(x) = x. 


(i.e.) T has exactly one fixed point. 


11.5 SUMMARY 


e Let (M,d) bea metric space. A mapping T:M > M is called a 
contraction mapping if there exists a positive real number 
æ < 1 such that d(T(x),T(y)) < a d(x,y) for all x,y € M. 

e LetT:M —> M bea contraction mapping. Then T is continuous 
on M. 

e Contraction mapping theorem: Let (M,d) be a complete 
metric space. Let T:M —> M be a contraction mapping. Then 
there exists a unique point x € M such that T(x) = x. 


(i.e.) T has exactly one fixed point. 
e Picard’s Theorem: Let az = f(x,y) be a given differential 
equation where f (x, y) is continuous in a closed rectangle 
F = {(x,y)/a, < x < a, and b, < x < b, } 


and satisfy the Lipchitz condition given by |f(x, y1) — f(x, y2)| S 
M|yı — y2| for all (x, y4) and (x, y2) E F. Let (xo, Yo) be an interior 
point of F. Then there exists a unique solution y = g(x) of the 
differential equation such that (xo) = yo. 
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11.6 KEYWORDS 


Contraction mapping : Let (M, d) be a metric space. A mapping 

T: M > M is called a contraction mapping if there exists a positive 
real number æ < 1 such that d(T (x), T(y)) < æ d(x, y) for all 

x,y EM. 


Contraction mapping theorem: Let (M, d) be a complete metric space. 
Let T: M > M be a contraction mapping. Then there exists a unique 
point x € M such that T(x) = x. 


(i.e.) T has exactly one fixed point. 


11.7 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


1. Prove that any contraction mapping T defined on a metric 
space is continuous. 

2. Prove that any contraction mapping T defined on a metric 
space is uniformly continuous. 

3. Prove that any contraction mapping T defined on a complete 
metric space has a unique fixed point. 


11.8 FURTHER READINGS 


1) Arumugam & Issac, Modern Analysis, New Gamma Publishing 
House, Palayamkottai, 2010. 

2) Richard R. Goldbrg, Methods of Real Analysis, Oxford & IBH 
Publishing Company, New Delhi. 

3) D. Somasundaram & B. Choudhary, A first course in 
Mathematical Analysis, Narosa Publishing House, Chennai. 

4) M.K. Singhal & Asha Rani Singhal, A First Course in Real 
Analysis, R. Chand & Co. June 1997 Edition. 

5) Shanthi Narayan, A Couse of Mathematical Analysis, S. Chand 
& Co., 1995 


BLOCK IV 
CONNECTED AND COMPACT METRIC SPACES 


UNIT-12 | CONNECTEDNESS 


Structure 


12.0 Introduction 

12.1 Objectives 

12.2 Definition and Examples 

12.3 Connected Subsets of R 

12.4 Connectedness and Continuity 

12.5 Answers to Check Your Progress Questions 
12.6 Summary 

12.7 Keywords 

12.8 Self Assessment Questions and Exercises 


12.9 Further Readings 


12.0 INTRODUCTION 


In R consider the subsets A = [1,2] and B = [1,2] U [3,4]. The set A 
consists of a single ‘piece’ whereas B consists of ‘two pieces’. We say 
that A is a connected set and B is not a connected set. This intuitive 
idea is made precise in the following definition. 


12.1 OBJECTIVES 


After going through this unit, you will be able to: 
e Understand what is Connected sets 


e Discuss Connectedness and Continuity 


12.2 DEFINITION AND EXAMPLES 


Definition. Let (M, d) be a metric space. M is said to be connected if 


M cannot be represented as the union of two disjoint non-empty 
open sets. 
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If M is not connected it is said to be disconnected. 


Example 1. Let M = [1,2] U[3,4] with usual metric. Then M is 
disconnected. 


Proof. [1,2] and [3,4] are open in M. 


Thus M is the union of two disjoint non-empty open sets 
namely [1,2] and [3,4]. 


Hence M is disconnected. 


Example 2. Any discrete metric space M with more than one point is 
disconnected. 


Proof. Let A be a proper non-empty subset of M. Since M has more 
than one point such a set exists. 


Then A‘ is also non-empty. 
Since M is discrete every subset of M is open. 
< A and A® are open. 


Thus M = A U A° where A and A°® are two disjoint non-empty 
open sets. 


.. M is not connected. 


Theorem 12.1 Let (M,d) be a metric space. Then the following are 
equivalent. 


i. Mis connected. 
ii. M cannot be written as the union of two disjoint non-empty 
closed sets. 
iii. M cannot be written as the union of two non-empty sets A 
and B such thatAnB=ANB=@. 
iv. M and Ø are the only sets which are both open and closed in 
M. 


Proof. (i) > (ii) 
Suppose (ii) is not true. 
< M = A U B where A and B are closed A + Ø, B + Øand ANB = Ø. 


« A = B and B° = A 


Since A and B are closed, Af and B® are open. 
<- B and A are open. 
Thus M is the union of two disjoint non-empty open sets. 
.. M is not connected which is a contradiction. 
~ @ di 
(ii) Gi) 
Suppose (iii) is not true. 
Then M = AU B where A + Ø,B #@andANB=ANB=@. 
We claim that A and B are closed. 
Let x € A. 
ax EB (Since AN B = Ø) 
“xéEA (Since A N B = M). 
; A = A and hence A is closed. 
Similarly B is closed. 
NowANB=ANB (Since A = A). 
= @. 


Thus M = AUB where A + Ø,B + Ø, A and B are closed and 
ANB = Ø which is a contradiction to (ii). 


~ Gi) > (iii) 
(iii) > (iv) 
Suppose (iv) is not true. 


Then there exists A © M such that A + M and A + Ø and A is 
both open and closed. 


Let B = A‘. 
Then B is also both open and closed and B + Ø. 
Also M = A UB. 


Further AN B = A N AS (Since A = A and B = A‘). 
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= Ø. 
Similarly AN B = @. 
. M = AUB where ANB =@=ANB which is a contradiction to 
(iii). 
~ (iii) > (iv). 

(iv)>@ 

Suppose M is not connected. 
«~ M = AUB where A + Ø,B + Ø, A and B are open and A N B = Ø. 

Then B® = A. Now, since B is open A is closed. 
Also A + Ø and A + M (Since B # Ø). 


.. Ais a proper non-empty subset of M which is both open and closed 
which is a contraction to (iv). 


“ Giv) > (i) 


The following theorem gives another equivalent characterization for 
connectedness. 


Theorem 12.2 A metric space M is connected iff there does not exist a 
continuous function f from M onto the discrete metric space {0,1}. 


Proof. Suppose there exists a continuous function f from M onto the 
discrete metric space {0,1}. 


Since {0,1} is discrete, {0} and {1} are open. 
< A = f~1({0}) and B = f~1({1}) are open in M. 
Since f is onto, A and B are non-empty. 
Clearly A N B = Øand AUB =M. 
Thus A U B = M where A and B are disjoint non-empty open sets. 
.. M is not connected which is a contradiction. 


Hence there does not exist a continuous function from onto the 
discrete metric space {0,1}. 


Conversely, suppose M is not connected. 


Then there exist disjoint non-empty open sets A and B in M such 
that M = AUB. 


OifxeEeA 


Now, define f: M > {0,1} by f(x) = f ifxeEB 


Clearly, f is onto. 


Also f~*(@) = Ø, f~*({0}) = A, fF A1) = B and f~*({0,1}) = 
M. 


Thus the inverse image of every open set in {0,1} is open in M. 
Hence f is continuous. 


Thus there exists a continuous function f from M onto {0,1} 
which is a contradiction. Hence M is connected. 


Note. The above theorem can be restated as follows. 


M is connected iff every continuous function f:M > {0,1} is 
not onto. 


Solved Problems 


Problem 1. Let M be a metric space. Let A be a connected subset of 
M. If B is a subset of M such that A © B C A then B is connected. In 
particular A is connected. 


Solution. Suppose B is not connected. 


Then B = Bı U B» where Bı + Ø, B> + Ø, Bı N By = @ and Bı 
and B, are open in B. 


Now, since B, and B, are open sets in B there exist open sets G, and 
Gz in M such that B4 = G1 N B and B, = G3 AB. 


~ B = B4 U B, = (G1 N B) U (G2 N B) = (Gi U G2) AB. 
«~ B © G UG. 
“A&G, U G, (since A € B). 
~ AGC (G,U G2) NA. 
= (G,N A) U(G, NA) 
Now, (G, N A)and(Gz N A) are open in A. 


Further, (G4 N A) U (G3 N A) = (G U G2) NA. 
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Connectedness 


= (G, U G2) NB (since A € B) 
NOTES = (G, N B) U (G3 N B) 
= B N B, 

= Ø. 
~ (G,NA)U(G2NA) =Ø. 
Now, since A is connected, either G4 NA = Ø or G, NA = Ø. 
Without lose of generality let us assume that G1 NA = @. 


Since G4 is open in M, we have G,N A = @. 


~GNANB=Ø (since B S A). 


< B4 = Ø which is a contradiction. 
-. B is connected. 


Problem 2. If A and B are connected subsets of a metric space M and 
if AN B + Ø, prove that A U B is connected. 


Solution. Let f: A U B > {0,1} be a continuous function. 
Since A N B + Ø, we can choose xo EA NB. 
Let f (xo) = 0. 


Since f:A UB > {0,1} is continuous f|,:A > {0,1} is also 
continuous. 


But A is connected. 
Hence f |4 is not onto. 
~ f(x) = 0 forall x € Aor f(x) = 1 forall x € A. 
But f (xo) = 0 and xo E A. 
«~ f(x) = 0 forall x € A. 
Thus any continuous function f: A U B > {0,1} is not onto. 


.. A U B is connected. 
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12.3 CONNECTED SUBSETS OF R 


Theorem 12.3 A subspace of R is connected iff it is an interval. 
Proof. Let A be a connected subset of R. 
Suppose A is not an interval. 


Then there exist a,b E€ R such that a < b < c and a,c E A but 
b ¢ A. 


Let A, = (-~,b) N A and A, = (b, œ) NA. 


Since (—o, b) and (b, œ) are open in R, A; and A, are open sets 
in A. 


Also A; N A, = Ø and A, U A, = A. Further a E A; and c E A>. 
Hence A, # Ø and A, + Ø. 


Thus A is the union of two disjoint non-empty open sets A, and 
A>. 


Hence A is not connected which is a contradiction. 
Hence A is an interval. 
Conversely, let A be an interval. We claim that A is connected. 


Suppose A is not connected. Let A= A, UA, where A, Æ Ó, 
A, + Ø, A, N Az = Ø and A, and A, are closed sets in A. 


Choose x E A, and z E A>. Since A; N Az = Ø we have x # Z. 
Without loss of generality we assume that x < z. 
Now, since A is an interval we have [x, z] © A. 
i.e.) [x,z] © A, U Ap. 
~. Every element of [x, z] is either in A, or in Ap. 
Now, let y = L.u. b. {[x, z] A Aj}. 
Clearly, x < y < Z. 
Hence y E A. 


Let £ > 0 be given. Then by the definition of /u.b there exists 
t € [x,z] A A; such thaty — € <t < y. 
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“(y-eyte)n([x,z]NA,) #9. 
~y € [xz] NA, 
~ y E [x,z] N A, (since [x,z] N A, is closed in A). 
Therefore, y E A4 j- | #  wessssduredssasctarsiesuadeaseas (1) 


Again by the definition of y, y + € € A, for all e > 0 such that 
yes Zz. 


“ye Az 
“YEA, (since A, is closed).  vacseeseesseeetteeeetteeteeteteeeaes (2) 


=y EANA, [by (1) and (2)]| which is a contradiction since 
Ay N Az = Ø. 


Hence A is connected. 
Theorem 12.4 R is Connected. 
Proof. R = (—o, œ) is an interval. 
~ R is connected. 
Solved Problems 


Problem 1. Give an example to show that a subspace of a connected 
metric space need not be connected. 


Solution. We know that R is connected. 
A = [1,2] U [3,4] is a subspace of R which is not connected. 


Problem 2. Prove or disprove if A and C are connected subsets of a 
metric space M and if A S B € C, then B is connected. 


Solution. We disprove this statement by giving a counter example. 
Let A = [1,2]; B = [1,2] U [3,4]; C =R. 
ClearlyACBCC., 


Here A and C are connected. But B is not connected. 


12.4 CONNECTEDNESS AND CONTINUITY 


Theorem 12.5 Let M, be a connected metric space. Let M, be any 
metric space. Let f: Mı > M, be a continuous function. Then f(M;) 
is a connected subset of M3. 


(i.e. )Any continuous image of a connected set is connected. 
Proof. Let f(M,) = A so that f is a function from M; onto A. 
We claim that A is connected. 
Suppose A is not connected. Then there exists a proper non- 


empty subset B of A which is both open and closed in A. 


< f~1(B) is a proper non-empty subset of M, which is both 
open and closed in M,. Hence M, is not connected which is a 


contradiction. 
Hence A is connected. 


Theorem 12.6 Let f be a real valued continuous function defined on 
an interval J. Then f takes every value between any between any 
two values it assumes. 
(This if known as the intermediate value theorem). 
Proof. Let a,b € I and let f(a) # f (b). 
Without loss of generality we assume that f(a) < f(b). 

Let c be such that f(a) < c < f(b). 


The interval J is a connected subset of R. Therefore, f(/) is a 
connected subset of R. (by theorem 12.5) 


- f(D isan interval. (by theorem 12.3) 
Also f(a), f(b) € f(T). Hence [f (a), f(b)] E FU). 
~c Ef) [since f(a) < c < f (b)] 

c= f(x) for some x € I. 
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Problem 1. Prove that if f is a non-constant real valued continuous 
function on R then the range of f is uncountable. 


Solution. We know that R is connected. 


Since f is a continuous function on R, f(R) is a connected subset of 
R. 


<. f(R) is an interval in R. 


Also, since f is a non-constant function the interval. f(R) contains 
more than one point. 


~ f (R) is uncountable. (i.e.) the range of f is uncountable. 


Check your progress 
1) Define connected set and disconnected set. 
2) Any continuous image of a connected set is? connected. 
3) What about R? Connected or disconnected. 


12.5 ANSWERS TO CHECK YOUR PROGRESS 
QUESTIONS 


1. Let (M,d) be a metric space. M is said to be connected if M 
cannot be represented as the union of two disjoint non-empty open 
sets. 

If M is not connected it is said to be disconnected. 
2. Any continuous image of a connected set is connected. 
3. Ris Connected. 


12.6 SUMMARY 


e Let (M,d) be a metric space. M is said to be connected if M 
cannot be represented as the union of two disjoint non-empty open 
sets. 


If M is not connected it is said to be disconnected. 


e Let M = [1,2] U [3,4] with usual metric. Then M is 
disconnected. 
e Any discrete metric space M with more than one point is 
disconnected. 
e Let (M,d) be a metric space. Then the following are 
equivalent. 
v. M is connected. 
vi. M cannot be written as the union of two disjoint non- 
empty closed sets. 


vii. M cannot be written as the union of two non-empty 
sets A and B such that A N B = ANB =Ó. 

viii. M and Ø are the only sets which are both open and 
closed in M. 

e A metric space M is connected iff there does not exist a 
continuous function f from M onto the discrete metric space 
{0,1}. 

e M is connected iff every continuous function f: M > {0,1} is 
not onto. 

e A subspace of R is connected iff it is an interval. 

e Ris Connected 

e Let M, be a connected metric space. Let M, be any metric 
space. Let f: Mı > M, be a continuous function. Then f (M1) 
is a connected subset of M3. 

e Let f be a real valued continuous function defined on an 
interval J. Then f takes every value between any between any 
two values it assumes. 
(This if known as the intermediate value theorem). 


12.7 KEYWORDS 


Connected: Let (M, d) be a metric space. M is said to be connected if 
M cannot be represented as the union of two disjoint non-empty 
open sets. 


Disconnected: If M is not connected it is said to be disconnected. 


12.8 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


1. Let {Ag} be a family of connected subsets of a metric space M 
such that N Ag # Ø. Then prove that A =U Ag is a connected 
subset of M. 

2. Prove that the set of all components of a metric space M 
forms a partition of M. 

3. Let A;,A>,..-,Ap,-.. be connected subsets of a metric space 
M each of which intersects its successor. Prove that UF_; An 
is connected. 

4. Prove that any connected subset of R containing more than 
one point is uncountable. 

5. If M is a metric space and x € M then {x} is a connected 
subset of M. 
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13.8 Further Readings 


13.0 INTRODUCTION 


We have seen that the concept of completeness is the 
abstraction of a property of the real number system. The concept of 
compactness is also an abstraction of an important property 
possessed by subsets of R which are closed and bounded. This 
property is known as Heine Borel theorem which states that if I © R 
is a closed interval, any family of open intervals in R whose union 
contains J has a finite subfamily whose union contains /.We now 
introduce the class of compact metric spaces in which the 
conclusion of Heine Borel theorem is valid. 


13.1 OBJECTIVES 


After going through this unit, you will be able to: 
e Understand what is Complete metric space 


e Discuss Compact Subset of R 


13.2 COMPLETE METRIC SPACE 


13.2.1 Definition and Examples 


Definition: Let M be a metric space. A family of open sets {G,} in M 
is called an open cover for M if UG, = M. 


A subfamily of {Gg} which itself is an open cover is called a 
subcover. 


A metric space M is said to be compactif every open cover 
for M has finite subcover. 
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(i.e.) for each family of open sets {Gg} such that UG, = M, there 
exist a finite subfamily {Ga}, Gaz» =» Gq, } such that UjL, Gg, = M. 


Example 1. R with usual metric is not compact. 

Proof. Consider the family of open intervals {(—n, n)/ n E€ N}. 
This is a family of open sets in R. 

Clearly Uf- (=n, n) =R. 


~ {(—n, n)/ n E N} is an open cover for R and this open cover has 
no finite subcover. 


- R is not compact. 
Example 2. (0, 1) with usual metric is not compact. 


Proof. Consider the family of open intervals {(1/n,1)/n = 2,3,... } 
Clearly Ur_2(—, 1) = (0,1). 


{(1/n,1)/n = 2,3,... } is an open cover for (0, 1) and this open 
cover has no finite subcover. 


Hence (0,1) is not compact. 

Example 3. [0, œ) with usual metric is not compact. 
Proof. Consider the family of intervals {[0,n)/n € N}. 
[0,n) is open in [0, œ) foreachn EN. 

Also UP, (0,n) = [0, œ). 


~ {[0,n)/n E€ N} is an open cover for [0, 0) and this open cover has 
no finite subcover. 


Hence [0, œ) is not compact. 


Example 4. Let M be an infinite set with discrete metric. Then M is 
not compact. 


Proof. Let x E€ M. Since M is a discrete metric space {x} is open in M. 
Also Uyey{x} = M. 


Hence {{x}/x € M}is an open cover for M and since M is infinite, this 
open cover has no finite subcover. 


Hence M is not compact. 


Example 5. Any closed interval [a, b] with usual metric is compact. 


Theorem 13.1 Let M be a metric space. Let A € M. A is compact iff 
given a family of open sets {Gg} in M such that U Gg 2 A there exists 
a subfamily {Ge}, Gaz» -> Gan } such that Uji1 Ga; = A. 


Proof. Let A be a compact subset of M. 

Let {Gg} be a family of open sets in M such that U Gy 2 A. 
Then (U Ga) A A =A. 

“U (Gg NA) =A. 

Also Gg N Ais open in A. 

` The family {Gz N A }is an open cover for A. 


Since A is compact this open cover has a finite subcover, say, 
Ga, N A, Ga, N A, ..., Gap N A. 


“ Uji (Gq, A) = A. 
< (Uka Ge) NA = A. 
ix1 Gq, 2A. 
Conversely, let {Hg} be an open cover for A. 
« Each Hg is open in A. 


< He = Ga N A where Gg is open in M. 


Now, U Hg = A. 
“~U (Gg NA) =A. 
“(UGyg)NA=A. 
“UG, 2A 


Hence by hypothesis there exists a finite subfamily {Gq,,Gg,,.-., Gan } 
such that Uji; Ga; 2 A. 


+ (Ut7G, NASA. 


“ Ujis(Gq, N A) = A. 
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ix1 Ha; = A. 
Thus {Hg,,Hq,,-.,Hq,, } is a finite subcover of the open cover {Hj}. 
~ A is compact. 
Theorem 13.2 Any compact subset A of a metric space M is bounded. 
Proof. Let xo E A. 
Consider {B (xo, n)/n E€ N}. 
Clearly UF_, B (xo n) = M. 
~ Ue 7 BOG n) 2 A. 


Since A is compact there exists a finite subfamily say, 
B (xo, n4), B (xo, n2), ..., B(Xo Ng) such that UŽ; B(xo ni) 2 A. 


Let no = max{n,, Nz, Ng}. 
Then UX, B(xo ni) = B (xo, no). 
~ B(xo No) 2 A. 


We know that B(xo, no) is a bounded set and a subset of a bounded 
set is bounded. Hence A is bounded. 


Note: 
The converse of the above theorem is not true. 
For example, (0,1) is a bounded subset of R. But it is not compact. 


Theorem 13.3 Any compact subset A of a metric space(M,d) is 
closed. 


Proof. To prove that A is closed we shall prove that A‘ is open. 
Let y € A‘ and let x E A. Then x £ y. 

~ d(x,y) =T% > 0: 

It can be easily verified that B (x, ir ) N B (y, in ) = Ø. 


Now consider the collection {B (x i irn ) /x € A}. 


Clearly Uxe4B is irn ) 2A. 


Since A is compact there exists a finite number of such open balls 


1 1 
say, B (x, » ia ), =- B (u STan ) such that 


1 
i=1 B (x 13 
1 
Now, let V, = Ni- B (y, Siki ) 
Clearly V, is an open set containing y. 
i 1 1 
Since B (y, “Ty ) N B(x, Ei) = Ø, we have V nB(x, 


for each i = 1,2,...,n. 


iy )=0 


“+ Uyeac Vy = A® and each V, is open. 

< A° is open. Hence A is closed. 

Note 1. The converse of the above theorem is not true. 

For example, [0, 1) is a closed subset of R. But it is not compact. 


Note 2. It follows from the above two theorems that any compact 
subset of a metric space is closed and bounded. 


Theorem 13. 3 A closed subspace of a compact metric space is 
compact. 


Proof. Let M be a compact metric space. Let A be a non-empty closed 
subset of M. 


We claim that A is compact. 

Let {G,/a E I} bea family of open sets in M such that U xer Gg 2 A. 
z ACU (Uger Ga) =M. 

Also A“ is open, since A is closed. 

~ {Gq/a E D U {Af} is an open cover for M. 


Since M is compact it has a finite subcover say Gays Gazi Gaps AS. 
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a (UG, UA =M. 
ix1 Gq, 2 A. 


« Ais compact. 


13.3 COMPACT SUBSETS OF R 


We have already proved that compact subset of a metric 
space is closed and bounded. 


However the converse is true. 
For example, consider an infinite discrete metric space (M, d). 
Let A be an infinite subset of M. 
Then A is bounded since d(x,y) < 1 forall x,y € A. 
Also A is closed since any subset of a discrete metric space is closed. 
Hence A is closed and bounded. 
However A is not compact. 


In this section we shall prove that for R with usual metric the 
converse is also true. 


Theorem 13. [Heine Borel Theorem] 
Any closed interval [a, b] is a compact subset of R. 
Proof. 


Let {G,/a E I} be a family of open sets in R such that 
Uger Ga =) [a, b] . 


Let S = {x/x E [a,b] } and [a,x] can be covered by a finite number of 
Gq’S. 


Clearly a E S and hence S + Ø. 
Also S is bounded above by b. 
Let c denote the l. u. b. of S. 
Clearly c E [a,b] 


“ C E Gq, for some q; E I. 


Since Gg, is open, there exists € > 0 such that (c — €,c + €) © Ga, 
Choose x, € [a, b] such that x; < c and [x1, c] E Ga; 

Now, since x; < c, [a, x4] can be covered by a finite number of G,’s. 
These finite number of Gg’s together with Ga; covers [a, c]. 

.. By definition of S, c E S. 

Now, we claim that c = b. 

Suppose c + b. 

Then choose xz E [a, b] such that x, > c and [c, x2] E Ga; 

As before, [a, x] can be covered by a finite number of G,’s. 
Hence x, E S. 

But x > c which is a contradiction, since c is the l. u. b. of S. 

«c =b. 

~ [a,b] can be covered by a finite number of G,’s. 

~ [a,b] is a compact subset of R. 


Theorem 13. A subset A of R is compact iff A is closed and 
bounded. 


Proof. If A is compact then A is closed and bounded. 
Conversely, let A be subset of R which is closed and bounded. 


Since A is bounded we can find a closed interval [a,b] such that 
AE [a,b]. 


Since A is closed in R, A is closed interval [a, b] also. 
Thus A is a closed subset of the compact space [a, b]. 
Hence A is compact. 


Definition. A family J of subsets ofa set M is said to have the finite 
intersection property if any finite members of J have non-empty 
intersection. 


Example. In R the family of closed intervals T = {[—n,n]/n € N} has 
finite intersection property. 
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Theorem A metric space M is compact iff any family of closed sets 
with finite intersection property has non-empty intersection. 


Proof. Suppose M is compact. 


Let {Ag} be a family of closed subsets of M with finite intersection 
property. 


We claim that N A, + Ø. 

Suppose N Ag = Ø then (N Aa) = O°. 
UA g =M. 

Also, since each A, is closed, A‘ g is open. 
.. {A°,} is an open cover for M. 


Since M is compact this open cover has a finite subcover say, 
A 9, AS 95 1p Aa: 


a Har AS; = M. 
(ML ADS =M. 


i14; =Ø which is a contradiction to the finite intersection 
property. 


“NAg £ Ó. 


Conversely, suppose that each family of closed sets in M with 
finite intersection property has non-empty intersection. 


To prove that M is compact, let {Gg/&æ € I} be an open cover for M. 
“ Uaer Ga = M. 

~ (Uger Ga)® = M°. 

~ Neer Ga“ = ø. 

Since Gy is open, Gg“ is closed for each a. 


~ T ={G,°/a E I} is a family of closed sets whose intersection is 
empty. 


Hence by hypothesis this family of closed sets does not have the 
finite intersection property. 


Hence there exists a finite sub-collection of J say, {G,°, G3", ..., Gn} 
such that NL, G;° = Ø. 


+ (UŁ GD = @ 
1G; =M. 
. {Gis Go, ...., Gn} is a finite subcover of the given open cover. 
Hence M is compact. 
Definition. 


A metric space M is said to be totally bounded if for every 
€ > 0 there exists a finite number of elements x4, X3, ..., Xn E M 


such that B (x4, €) U B(x2,€) U....U B(x, £) = M. 


A non-empty subset A of a metric space M is said to be 
totally bounded if the subspace A is a totally bounded metric space. 


Theorem. Any compact metric space is totally bounded. 
Proof. Let M be a compact metric space. 

Then {B(x, €)/x E M} is an open cover for M. 

Since M is compact this open cover has a finite subcover say, 
B44; £), B (x2, €), 025 B (Xn, £). 

«~ M = B(x1,£€) U B(x2,€) U....U B (Xp, £). 

«M is totally bounded. 


Theorem Let A be a subset of a metric space M. If A is totally 
bounded then A is bounded. 


Proof. Let A be a totally bounded subset of M. Let € > 0 be given. 


Then there exists a finite number of points x1, x2,...,x, E A, such 
that 


B(x, £) U B(xz,€) U....U B(X,,€) = A, where B(x;,€) is an open 
ball in A. 


Further we know that an open ball is a bounded set. 
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Thus A is the union of finite number of bounded sets and hence A is 
bounded. 


Note. The converse of the above theorem is not true. 
For, let M be an infinite set with discrete metric. 


Clearly M is bounded. 
1 
Now, B (x, =) = {x}. 


Since M is infinite, M cannot be written as the union of a finite 
1 

number of open balls B C z), 

. N is not totally bounded. 


Definition. Let (x,) be sequence in a metric space M. Let 
Ny < Ng <: < Ng <-+ be an increasing sequence of positive 
integers. Then (xn,) is called a subsequence of (x,). 


Theorem. A metric space (M,d) is totally bounded iff every 
sequence in M has a Cauchy subsequence. 


Proof. Suppose every sequence in M has a Cauchy subsequence. 
We claim that M is totally bounded. 

Let € > 0 be given. Choose x, E M. 

IfB(x,,€) = M then obviously M is totally bounded. 

If B(x,,€) + M, choose x, E€ M — B(x, £) so that d(x, , X2) È €. 
Now, if B (x1, £) U B(%2, €) = M the proof is complete. 

If not choose x3 = M — [B (x1, £) U B(x2,€)] and so on. 

Suppose this process does not stop at a finite stage. 


Then we obtain a sequence x1, X2, ..., Xn, -. Such that d (Xn, Xm) = € 
ifn #m. 


Clearly this sequence (x,,) can not have a Cauchy sequence which is a 
contradiction. 


Hence the above process stops at a finite stage and we get a finite set 
of points {x1,X2,..,X,} such that M = B(x,,€) UB(x2,€) U....U 
B(xn, £). 


.. M is totally bounded. 
Conversely suppose M is totally bounded. 
Let S4 = {Xi Xiz» i Noait } be a sequence in M. 


If one term of the sequence is infinitely repeated then S, contains a 
constant subsequence which is obviously a Cauchy subsequence. 


Hence we assume that no term of S, is infinitely repeated so that the 
range of S4 is infinite. 


Now, since M is totally bounded M can be covered by a finite number 
of open balls of radius 1/2. 


Hence at least one of these balls must contain an infinite number of 
terms of the sequence S4. 


“. Sı contains a subsequence Sy = (X2, X23 =» X2, +. ) all terms of 
which lie within an open ball of radius 1/2. 


Similarly S, contains a subsequence S3 = (%3,,%3,)0++)X3,)+++) all 
terms of which lie within an open ball of radius 1/3. 


We repeat this process of forming successive subsequences and 
finally we take the diagonal sequence S = (%1,,%2,) =s Xnp ++): 


We claim that S isa Cauchy subsequence of S,. 

Ifm >n both xm, and xn, lie within an open ball of radius 1/n. 
“ d(Xmpm Xn) < 2/N. 

Hence d (Xm Xn) <€ifn,m > 2/e. 

This shows that S is a Cauchy subsequence of S4. 


Thus every sequence in M contains a Cauchy subsequence. 


Corollary. A non-empty subset of a totally bounded set id totally 
bounded. 


Proof. Let A be a totally bounded subset of a metric space M. 
Let B be a non-empty subset of A. 
Let (xn) be a sequence in B. 


^ (xn) isa sequence in A. 
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Since A is a totally bounded (x,,) has a Cauchy subsequence. 
Thus every sequence in B has a Cauchy subsequence. 

-. B is totally bounded. 

Definition 


A metric space M is said to be sequentially compact if every 
sequence in M has a convergent sun-sequence. 


Theorem 


Let (xn) be a Cauchy sequence in a metric space M. If (xn) 
has a subsequence (x,,) converging to x, then (xn) converges to x. 


Proof. Let e >0 be given. Since (x,) is a Cauchy sequence, there 
exists a positive integer mı such that d(Xy,Xm) <=é for all 


n,m > My ----------------------------- > (1) 

Also, since (xn) > x, there exists a positive integer mz such that 
d (Xn x) < Le forall ng = M, ---------------------- > (2) 

Let mọ = max{m,, mz}and fix nk = mo. 

Then d(xn, x) < d(Xn, Ne) + d(Xn, »X) 


E 


< = + = foralln > my by (1) and (2) 


€ forall n= mp. 
Hence (xn) > x. 
Theorem Ina metric space M the following are equivalent. 


i. M is compact. 

ii. Any infinite subset of M has a limit point. 
iii. M is sequentially compact. 
iv. M is totally bounded and complete. 


Proof. 
(i) > (ii) . Let A be an infinite subset of M. 
Suppose A has no limit point in M. 


Letx E€ M. 


Since x is not a limit point of A there exists an open ball B(x, r,) 
such that B(x, 7.) N (A — {x} = Ø. 


_ x} if xEA 
BOS gnist if x@A 
Now, {B(x, 7,)/x E M} is open cover for M. 
Also each B(x, ry)covers at most one point of the infinite set A. 


Hence this open cover can not have a finite sub cover which is a 
contradiction to (i). Hence A has at least one limit point. 


(ii) > (iii). Let (x,) be a sequence in M. 


If one term of the sequence is infinitely repeated, then (xn) contains 
a constant subsequence which is convergent. 


Otherwise (x,,) has an infinite number of terms. 
By hypothesis this infinite set has a limit point, say x. 


We know that for any r > 0 the open ball B(x,r) contains infinite 
number of terms of the sequence (xn) . 


Now, choose a positive integer n, such that x,, E B(x,1). 
Then choose n, > n, such that x,, € B(x, 1/,) f 


In general for each positive integer k choose ng such that nk > Nng-1 
and 


Xn, E€ B(x, 1 
Clearly (xn,) İs a subsequence of (xn). 
Also d(Xn, ,x) < vee 
“ (%n,) > xX. 
Thus (Xp,.) isa convergent subsequence of (xp) . 


Hence M is sequentially compact. 


(iii) > (iv). By hypothesis every sequence in M has a convergent 
subsequence. 
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But every convergent sequence is a Cauchy sequence. 
Thus every sequence in M has a Cauchy subsequence. 
.. By the theorem, M is totally bounded. 

Now, we prove that M is complete. 

Let (x,,) be a Cauchy sequence in M. 


By hypothesis (x,,) contains a convergent subsequence ae) 


Let (Xn) > x. (say) 

Then by previous theorem, (xn) > x. 

.. M is complete. 

(iv) > (i). Suppose M is not compact. 


Then there exists an open cover {Gg} for M which has no finite 
subcover. 


1 
Let n = a 


Since M is totally bounded, M can be covered by a finite number of 


open balls of radius r. 


Since M can not be covered by a finite number of G,’s at least one of 
these open balls, say B (x4, rı) cannot be covered by a finite number 
of Gy’s. 


Now, B(x, r1) is totally bounded. 


Hence as before we can find x, € B(x, r1) such that B(x, r2) 
cannot be covered by a finite number of G,’s. 


Proceeding like this we obtain a sequence (x,,) in M such that 
B(Xn, m) cannot be covered by a finite number of Ggs and 
Xn+1 © B(Xn, h) forall n. 


Now, 
d(Xn»Xnsp) < 


A(Xy Xn) + d(Xn+1 ,Xn+2) +e. d(Xn+p-1 Aa) 


< Mm + Tn+1 + nee a+ Tn+p-1 


1 
= ant 2n+1 Heet 2n+p-1 
1 A 1 1 1 
~ ya Gas Bee a) 2n-1 
1 ft. 1 1 1 
~ 2m1 a z2 t a >) gn-1 


“. (xn) is a Cauchy sequence in M. 
Since M is complete there exists x E€ M such that (xn) > x. 
Now, x E Gg for some a. 


Since Gg is open we can find € > 0 such that B(x,€) © Gy------ >(1) 
We have (xn) > x and (%) = (=) > 0. 
Hence we can find a positive integer n, such that d(x,,x) < sé and 
tb < Le forall n > n4. 
Now, fix n = n4. 
We claim that B(x,,% ) E B(x,€). 
Lety E B(xn, hn) 

d(Y, Xn) < h < e, since n = n4. 
Now, d(y,x) < d(y, xn) + d( xn, x) 

< Ze + Ze = E. 

~y E B(x,8). 
> Bah) S Bove) S Gy, by (1) 


Thus B(x,,%) is covered by the single set G, which is a 
contradiction since B(x, ,% ) cannot be covered by a finite number 
of G,’s. 


Hence M is compact. 
Theorem R with usual metric is complete. 
Proof. Let (x,) be a Cauchy sequence in R. 


Then (xn) is a bounded sequence and hence is contained in a closed 
interval [a, b]. 
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Now, [a, b] is compact and hence is complete. 
Hence (xn) converges to some point x E [a, b]. 


Thus every Cauchy sequence (x,) in R converges to some point x in 
R and hence R is complete. 


Solved Problems: 


1. Give an example of a closed and bounded subset of l, which is 
not compact. 

Solution: Consider 0 = (0,0, ...) E€ lp. 

Consider the closed ball B[0,1]. 

Clearly, B[0,1] is bounded. 

Also, B[0,1] is a closed set. 

We claim that B[0,1] is not compact. 

Consider e4 = (1,0,0, ....); e2 = (0,1,0, ...); ... €n = (0,0,0, ...,1,0, ...). 
Now, d(0,e,) = 1 and hence e, € B[0,1] for all n. 

Thus (e,,) is a sequence in B[0,1]. 

Also d (en, €m) = V2 if n +m. 

Hence the sequence (e,,) does not contain a Cauchy subsequence. 

~ B[0,1] is not totally bounded. 

` B[O,1] is not compact. 

Problem 2: 

Prove that any totally bounded metric space is separable. 

Solution: Let M be a totally bounded metric space. 

For each natural number n let A,, = Cane oe meee be a subset of 


M such that Uf, B a =) = M. ------------------ >(1) 
Let A = Uğ-1 Án. 
Since each A, is finite, A is a countable subset of M. 


We claim that A is dense in M. 
Let B(x, €) be any open ball. 


Choose a natural number n such that 1/n < e. 
Now, x E€ B( Xn; =) for some i, by (1) 
& Biya) <n Se. 


j (Xn) E B(x,£) 


~ B(x, NA +Ó. 

Thus every open ball in M has non-empty intersection with A. 
Hence A is dense in M. 

Thus A is a countable dense subset of M. 

Hence M is separable. 


Problem 3. Prove that any bounded sequence in R has a convergent 
subsequence. 


Solution. Let (x„) be a bounded sequence in R. 


Then there exists a closed interval [a, b] such that (x,,) € [a, b] for all 
n. 


Thus (xn) is a sequence in the compact metric space [a, b]. 
Hence by the above theorem, (xn) has a convergent sub-sequence. 


Problem 4. Prove that the closure of a totally bounded set is totally 
bounded. 


Solution. Let A be a totally bounded subset of a metric space M. 
We claim that A is a totally bounded. 


We shall show that every sequence in A contains a Cauchy 
subsequence. 


Let (xn) be a sequence in A. 


Let € > 0 be given. 


Then since x, € A,B (xn .52) NA +Ó. 
Choose y, € B (uE) NA. 


° d (Yn Xn) < Le Aeee >(1) 


Now, (yn) is a sequence in A. Since A is totally bounded (yn) 
contains a Cauchy sequence say (Yn, ). 


Hence there exists a natural number m such that 


d (ne Yn;) < le forall nj, ni = m --------- >(2) 
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: d (np ns < E Yni) F d (Yny J) F d (Yn; Xn,) 
< e+ e+ Le for allnj;, ni 2m, by (1)and (2) 
Hence (xn,) is a Cauchy subsequence of (xn) . 


A is totally bounded. 


Problem 5. Let A be a totally bounded subset of R. Prove that A is 
compact. 


Solution. Since A is totally bounded, A is also totally bounded. 
Also, since A is aclosed subset of R and R is complete A is complete. 
Hence A is totally bounded and complete. 


. A is compact. 


Theorem Let f be a continuous mapping from a compact metric 
space M, to any metric space M,. Then f (M1) is compact. 


Proof. Without loss of generality we assume that f(M,) = M3. 
Let {Gg} be a family of open sets in M, such that U Gy = M3. 
~ UG = f(M;). 
> fT (U Ga) = Mi. 
nU f7'(Ga) = My. 
Also since f is continuous f~+(G,) is openin M; for each a. 
<. {f1 (Ga)} is an open cover for M4. 
Since M, is compact this open cover has a finite subcover, say, 
Gah F* (Gay) » 1 Can) 
tf (Ga) OF Ga) Ua UF (Ga) = Mi 
, f (Ui Ga; ) = Mj. 

i=4 Ga; = f(M,) = Mz. 


© Ga,» Gaz» + Ga, iS a cover for M3. 


Thus the given open cover {Gg} for M, has a finite subcover. 
“. M, is compact. 


Corollary 1. Let f be a continuous map from a compact metric space 
M, into any metric M,. Then f (M1) is closed and bounded. 


Proof. f (M1) is compact and hence is closed and bounded. 


Corollary 2. Any continuous real valued function fdefined on a 
compact metric space is bounded and attains its bounds. 


Proof. Let M be a compact metric space. 
Let f:M > R bea continuous real valued function. 
Then f(M) is a compact subset of R. 
<- f(M) is a closed and bounded subset of R. 
Since f(M) is bounded f is a bounded function. 
Now, leta = l. u. b. of f(M) and b =g. l. b. of f(M). 
By definition of 1. u. b and g. l.b a,b € f(M) 
But f (M) is closed. Hence f (M) = f (M). 
. a,b E f(M). 
~ There exists x,y € M such that f(x) = a and f(y) =b. 
Hence f attains its bounds. 
Note. 


1. Corollary (2) is not true if M is not compact. 

2. The function f:(0,1)—R defined by f(x)=1/x is 
continuous but not bounded. 

3. The function g:(0,1) > R defined by g(x) = x is bounded 
having l.u.b.= 1 and g.l. b. = 0. However this function never 
attains these bounds at any point in (0, 1). 


Theorem Any continuous mapping f defined on a compact metric 
space (M,, d4) into any other metric space (Mz, dz) is uniformly 
continuous on M4. 

Proof. Let £ > 0 be given. Letx E M4. 

Since f is continuous at x there exists 6, > 0 such that 
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diy, x) < by > do(f(), FŒ) < Wy € ---------- >(1) 


Now, the family of open balls {B(x, = 5,)/x € M,} is an open cover 
for M4. 


Since M, is compact this open cover has a finite sub cover say 


B(x, = Sy) sos B(xn, TAE 


Let 5 = min{ Ž ôx, =» = Ôxn} 


We claim that di (p,q) < 6 > d,(f(p), f(q))< €. 


Letp E B (xi, TA) for some i where 1 <i <n. 


1 
» d(x) <5 5x, 


- do(f(p), Fi) < 1/3 €, by (1) -------------- >(2) 
Now, d,(q,x;) < d,(q, p) + dip, xi) 
<5 + Zô, 
Thus d,(q,xi) < ôx; 
» do(f(@),f(x)) < 1/3 £, by (1) ------------ >(3) 


Now, d,(f(p), FD) < df), fad) + df), f) 
< 1/2e + lye = e. (by (2) and (3)) 

Thus d,(p,q)< 6 > 4,(f(p), f(q)) < €. 

This proves that f is uniformly continuous on M4. 

Note. The above theorem is not true if M4 is not compact. 


We have seen that if f is a continuous bijection then f~* need not be 
continuous. Now we shall prove that if f is a continuous bijection 
defined on a compact metric space, then f~* is also continuous. 


Theorem Let f be a 1—1 continuous function from a compact 
metric space M; onto any metric space M2. Then f~* is continuous 
on M,. Hence f isa homeomorphism from M, onto M3. 


Proof. We shall show that f~+ is continuous by proving that F is a 
closed set in M4. 


=> (f-')\(F) = f(F) is a closed set in Mp. 

Let F bea closed set in M4. 

Since M, is compact F is compact. 

Since f is continuous f (F) is a compact subset of M3. 
~ f (F) isa closed subset of M3. 

< ft is continuous on M3. 

Solved Problems. 


1. Prove that the range of a continuous real valued function f on 
a compact connected metric space M must be either a single 
point or a closed and bounded interval. 


Solution. Let f: M > R be a continuous function. 

Case(i). Suppose f is a constant function. 
Then the range of f is a single point. 

Case(ii). Suppose f is not a constant function. 
Then the range of f contains more than one point. 
since M is connected f (M) is a connected subset of R. 
< f(M) is an interval in R. 


Also, since M is compact and f is continuous f(M) is a compact 
subset of M. 


“. f(M) is a closed and bounded subset of R. 
Thus f (M) is a closed and bounded interval of R. 


Problem 2. Prove that any continuous function f: [a,b] > R is not 
onto. 


Solution. Suppose f is onto. Then f (la, b]) = R. 
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Now, since [a,b] is compact and f is continuous, f([a,b]) = R is 
compact which is a contradiction. 


~ f is not onto. 


Check your progress 
1. Define open cover. 
2. Define subcover. 
3. Define compact metric space. 
4. State Heine Borel theorem. 
13.4 ANSWERS TO CHECK YOUR PROGRESS 


QUESTIONS 


1. Let M be a metric space. A family of open sets {G,} in M is 
called an open cover for M if UGg = M. 

2. A subfamily of {Gg} which itself is an open cover is called a 
subcover. 

3. A metric space M is said to be compactif every open cover for 
M has finite subcover. 

4. Any closed interval [a, b] is a compact subset of R. 


13.5 SUMMARY 


e Let M be a metric space. A family of open sets {Gg} in M is 
called an open coverfor M if UG, = M. 

e A subfamily of {Gg} which itself is an open cover is called a 
subcover. 

e A metric space M is said to be compactif every open cover for 
M has finite subcover. 

e R with usual metric is not compact. 

e (0,1) with usual metric is not compact. 

e [0,0) with usual metric is not compact. 

e Let M be an infinite set with discrete metric. Then M is not 
compact. 

e Closed interval [a, b] with usual metric is compact. 

e Let M be a metric space. Let A € M. A is compact iff given a 
family of open sets {Gy} in M such that UG, 2A there exists a 
subfamily {Ga,, Ga,» --» Ga, } Such that Uji; Ga; = A. 

e Any compact subset A of a metric space M is bounded. 

e Any compact subset A of a metric space(M, d) is closed. 

e A closed subspace of a compact metric space is compact. 

e Heine Borel Theorem: Any closed interval [a,b] is a compact 
subset of R. 


A subset A of R is compact iff A is closed and bounded. 

A family J of subsets of a set M is said to have the finite 
intersection property if any finite members of J have non- 
empty intersection. 

A metric space M is compact iff any family of closed sets with 
finite intersection property has non-empty intersection. 

A metric space M is said to be totally bounded if for every 
€ > 0 there exists a finite number of elements x1, X2, ..., Xn E 
M 

such that B (x4, €) U B(x, €) U....U B(x, £) = M. 

Any compact metric space is totally bounded. 

Let A be a subset of a metric space M. If A is totally bounded 
then A is bounded. 

Let (xn) be sequence in a metric space M. Let n4 < ng < < 
Ng < ++: be an increasing sequence of positive integers. Then 
(Xn) is called a subsequence of (xn). 

A metric space (M, d) is totally bounded iff every sequence in 
M has a Cauchy subsequence. 

A metric space M is said to be sequentially compact if every 
sequence in M has a convergent sun-sequence. 


13.6 


KEYWORDS 


Open cover: Let M be a metric space. A family of open sets {Ga} 
in M is called an open cover for M if UGg = M. 

Subcover: A subfamily of {G,} which itself is an open cover is 
called a subcover. 

Compact metric space: A metric space M is said to be compactif 
every open cover for M has finite subcover. 

Heine Borel Theorem: Any closed interval [a,b] is a compact 
subset of R. 

Sequentially compact: A metric space M is said to be 
sequentially compact if every sequence in M has a convergent 
sun-sequence. 


13.7 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 
1. IfA and B are two compact subsets of a metric space M. Prove 


that A U B is also compact. 

Let M be a complete metric space. Prove that a closed subset 
A of M is compact if and only if A is totally bounded. 

Prove that any Cauchy sequence in a metric space is totally 
bounded. 
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4. Prove that any continuous function from a compact metric 
space to any other metric space is a closed map. 

5. Any sequence in a compact metric space has a convergent 
subsequence. 

6. Any continuous function defined on a closed interval [a, b] is 
uniformly continuous. 
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14.0 INTRODUCTION 


In this chapter we discussed convergence of sequence and 
series of real numbers. In this chapter we discuss the convergence of 
sequence and series of functions. We deal almost exclusively with 


real-valued functions. 


14.1 OBJECTIVES 


After going through this unit, you will be able to: 


e Understand what is meant by Pointwise convergence of 
sequence of functions 


e Discuss Uniform Convergence of Sequence of functions 


e Discuss Cauchy Criterion for Uniform Convergence 


14.2 POINTWISE CONVERGENCE OF 
SEQUENCE OF FUNCTIONS 


14.2.1 Definitions 


Definition 1. Let {f,}7°-, be a sequence of real-valued functions on a 
set E. We say that {fn }r--, converge to the function f on E if 
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lim), so. fx) = f(x) (x E E) assess (1) 


If (1) holds we sometimes say that {fa }n-1 converge pointwise to f 


NOTES 


on E. For if (1) holds, then, for every point x of E, the sequence 
{fx of real numbers converges to f (x). Here are several 
examples. 
If 

falx) =x” (0<x<1), 


then{f,,};-1 converges to f on [0,1] where 


f(x)=0 (0<x <1) 
fa)=1. 
For a second example let 
In) = — (0 <x < œ). 
If x > 0, then 0 < g,(x) < = = 1/n. Hence 
limnsco n(x) = 0 (x > 0). 


Also, since g,(0) = 0 for each n E I, it is clear that {g,(x)}7~1 


converge to 0 (the function identically 0) on [0, ©). 


nx 


Ma) =a (—œ < x < œ). 
Then if x > 0 we have 
1/nx 
h (x) = 1 
(zzz) +1 


And hence lim,_,.. An (x) = 0. Since h (0) = 0 for each n E I we see 
that {hn (x) }n=1- 


For a fourth example let x„ denote the characteristic function 
of [—n,n]. For any x € Rt we have yn(x) = Xn41(X) = Xng2(X) = 
++» = 1 provided n > |x|. (For then x E [—n,n]). Hence 


litte ¥n(x) = 1 (x E€ R+), 
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And so {Xn} -1 converges to 1 on (—©9, 00), 


Definition 2. According to definition 1, the sequence of functions 
fa a= converges to f on the set E if, for each x E E, given € > 0 
there exists N € I such that 


lfin(x) — f@)| < e MN) n (1) 


In general, the number N depends on both € and x. It is not always 
possible to find an N such that (1) holds for all x in E simultaniously. 


For example, if fa (x) = x” (0 < x < 1), then, as we have seen, 
{fa converges to f on [0,1] where f(x) =0 (0 < x < 1) and 
f1) = 1. With € = z then, for each x E E, there exists N € I such 
that 


Mores Nh ceecne (2) 


If x= 0 or x = 1, then (2) is true for N = 1. However, if x = : = 


0.75, then the smallest value of N for which (2) is true is N = 3. For, 
n 
if x =3, then h(x) = (=) while f(x) = 0. Thus, |f,(x) — f(x)| = 
n n 
(=) ,and (=) < = ifand only ifn = 3. 
Similarly, if x = 0.9 then the smallest value of N for which (2) is true 
isN =7. 


Indeed, there is no N E I such that (2) holds simultaneously 
for all x € [0,1]. 


For, if such an N existed, we would have 

x "<= (n>N) 
For all x in [0,1]. This implies x” < (0 <x < 1). Letting x > 17 
we obtain the contradiction 1 < Z 


For the second example, the story is different. For, if 


x 
1+nx 


Inx) = (Us x<), 


Then 0 < g(x) < 1/n (1 <x < œ). Hence, for any ¢>0 the 
statement 


lgn(X)—Ol << (MN) ieee (3) 


Sequence of function 
and series of functions 


NOTES 


Self-Instructional material 


Sequence of function 
and series of functions 


NOTES 


Self-Instructional material 


Is true for all x in [0, 00) simultaneously, provided only that N > 1/e. 
(For in this case |g,,(x) — 0| < 2 < Z < g for all x in [0, œ).) Thus for 
this sequence {gn (x)} = an N € I can be found such that (3) holds 
for all x € I. This N depends only on € and not on x. 


Now consider 


nx 
1+n2x2 


h (x) = (—œ < x < œ). 


We have seen that {h,,(x)}"_, converges to 0 on (—©,0©o), Given 
€ > 0, we know therefore that for each x E€ (—co,00) there exists 
N €E I such that 


|h,(x) 0| < € AZN) reunaan (4) 


1 1 : 1 š x 
However, note that hn (-) == Hence, if ¢ = > there is no single 


N E I such that (4) holds simultaneously for all x E (—o, œ). For if 
such an N existed we would have 


hy (x) <- (—œ < x < ©), 
But if x = 1/N this a contradiction. 


We leave it to the reader to show that if € < 1 then there is no 
N €E I such that the statement 


Ixn(x) -1J<e (mN) 


Holds for all real x simultaneously, where 7, is as in the fourth 
example. 


14.3 UNIFORM CONVERGENCE OF 
SEQUENCE OF FUNCTIONS 


We have agreed to say that {f,,(x)}"_, converges (pointwise) to f on 
E if, each x E E, given £ > 0 there exists N € I such that 


mæ- f< e (MN). ass (1) 


We have seen several examples in which in which it is impossible to 
find an N such that (1) holds for all x E€ E simultaneously. 


If for each € > 0 it is possible to find an N such that (1) holds 
for all x E€ E then we say that {f,,(x)};_, converges uniformly to f on 
E: 


Definition 3. Let {f,,(x)};-; be a sequence of real-valued function on 
a set E. We say that {fn (x)}n=1 converges uniformly to the function f 
on E if given € > 0 there exists N € I such that 


mæ) -fO e (n > N; x € E). 


The wording of this definition implies that N depends on e€ 
but not on x. It is clear that if {f,,(x)};-_, converges uniformly to f on 
E, then {f,,(x)};-1 converges poitwise to fon E. 

x 
(1+nx) 
previous section shows that {g,,(x)}7; converges uniformly to 0 on 
[0,00). For we have already shown that given € > 0 there exists 
N E I such that 


Thus, if g(x) = (0 <x < oo), then our work in 


Gala —0| < € (n=N;0 <x <0), 
(Any N such that N > 1/e will do). 


It is not too easy to state what it means for the sequence 
{fr}jn-1 not to converge uniformly to f on E. We shall now do this. 


Corollary 1. The sequence {f,,}7-; does not converge uniformly to f 
on E if and only if there exists some € > 0 such that there is no N E I 
for which the statement 


lin) -— f@)l <e (n2=N;x EE) 
holds. 


The reader should not proceed until he is convinced that this 
section is equivalent to the previous section. 


If fa) =x" (OS x<1) and f(x)=0 (0<x <1), 
f (1) = 1, then we have seen that {f,}7_, converges pointwise to f 
on [0,1]. However, {f,,};-, dose not converge uniformly to f on [0,1]. 


ae 1 
For, as we saw in Definition 2, if € = A then there is no N E I such 


that 
ln(x) —f@)l<e MEN; 0<x<1). 


If E is an interval of real numbers then it is readily seen that saying 
{fa }n=1 converges uniformly to f on E means that given € > 0 there 
exists N E I such that the vertical distance from any point on the 
graph of f to the corresponding point on the graph of any of the 
functions fy, fy41,.. is less than e. Thus, if {fa} -1 converges 
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uniformly to f on E, then the graphs of fy, fyy44,.-. are all “uniformly 
close” to the graph of f. 


In particularly, if {f,}"-, converges to zero uniformly on E, 
then given € > 0 there exists N € I such that the graphs of fy, fry, +- 
are all within vertical distance € of the x — axis. 


Here is still another way to view uniform convergence. 


Definition 4. If {f,}7-1 converges uniformly to Oon E, then given 
£ > 0 there exists N such that 


ln(xl<e (n=N;x EE). 
This implies 
Ub EOQ SE MN). 
Hence, if {fa} -1 converges uniformly to zero on E, then 


Tits ee KO] E O. osre (1) 


Conversely, it not difficult to show that if (1) holds then {f,}7-1 
converges uniformly to 0 on E. 


This readily proves that the sequence {h,};_, of section 14.1 
does not converge uniformly to zero on (—©, œ). For 


1 1 
hn (=) = 2 (n = 1,2, TO 


-o<zsæ lAn (x)| = 


and hence _,.<4%?:|h,(x)| cannot approach zero as n > o. 


Definition 5. From Definition 3 it follows immediately that {fn }n=1 
converges uniformly to f on E if and only if {fn — f }n=1 converges 
uniformly to 0 on E. From Definition 4 we then have 


Theorem 1. The sequence of function {f,,}7_, converges uniformly to 
f on E if and only if 


lubi (x) -—f(x)| as n> o. 


14.3.1 Cauchy Criterion for Uniform Convergence 
In this subsection, the Cauchy criterion for uniform 
convergence. It is analogues to the result that a sequence of real 


numbers is convergent If and only if it is Cauchy. 


Theorem 2. Let {f,}7-1 be a sequence of real-valued functions on a 
set E. Then {f,}7-1 is uniformly convergent on E (to some function 
f) if and only if given £ > 0 there exists N € J such that 


lf) —FO)|<e (m,n >N; x E E). seses (1) 


Proof. Suppose first that {fn }n-1 is a uniformly convergent sequence 
of functions on E, converging to f on E. Then, given ¢ > 0, there 
exists N € I such that 


Im -F@I<5 (m=N;xEE) 
Thus, if m,n > N we have, for any x € E, 
Min (X) — fa I < fn) — FOI + 1F@) = fa 
<i, 
and hence (1) holds for this N. 


Conversely let {fn} -1 be any sequence of functions on E such 
that, given € > 0, there exists N € I such that (1) holds. We must 
show that there is a function f on E such that {f, }7_, converges 
uniformly to f on E. From (1) we see that, for each fixed x E E, the 
sequence of real numbers {f,,(x)}7_, is a Cauchy sequence. Hence 
My-scofn(X) exists for each x E E. Define f by 


f(z) = lima) (xB). 
Keeping m fixed in (1) and letting n —> œ we obtain 
lfmo) -fOe mN;xEE). 


Since € was arbitrary, this shows that {fm}m=-1 converges uniformly 
to f on E, and the proofis complete. 


The next results, called Dini’s theorem, shows that under a 
very special set of circumstances a sequence of continuous functions 
must converge uniformly. 


Theorem 3. Let {f,}7-1 be a sequence of continuous real-valued 
functions on the compact metric space (M, p} such that 


AEO SRA S S fhas (x EM). essre (1) 


If {fa }n-1 converges (pointwise) on M to the continuous function f, 
then {f,};-1 converges uniformly to f on M. 
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Proof. For each n E I let gn = f — fa. Then from (1) we have 
I(x) = 92x) 2 2 gn) = OEM): siiras (2) 
Also, since {fna }n-1 converges to f on M we have 

limy sco Gn(x) = 0 (x EM). aasien (3) 
We must show that {gn }n-1 converges uniformly to 0 on M. 


Fix € > 0. If x € M, then (3) assures us of the existence of 
N(x) € I such that 


E 
Inco (x) < > 


Since gy x) is continuous at x, there is an open ball B, about x such 
that 


Inco) <E yy E By): 


The B, for all x € M from an open covering of M. Since this a finite 
number of the B,—say 
By» Bags =, By, 


also cover M. Let N = max[N(x;),..., N(x,)]. Now if y is any point in 
M, then y E By, for some j = 1, ..., k. Hence 


Inx) O) < E. 
But since N(x;) < N, (2) implies 
INO) S Inx) O). 
Hence 
0 < gv) <E 
For all y € M. But then (2) shows that 
0< gry) <E (n> N;y €M), 


And so {gn} -1 converges uniformly to 0 on M. This completes the 
proof. 


It is clear that Theorem 3 remains true if the inequality signs in (1) 
are all reversed. For then we could set g, = f — fn and proceed as 
above. 


Check your progress 
Define converge pointwise. 
Define convergent sequence of functions. 


14.4 


ANSWERS TO CHECK YOUR PROGRESS 
QUESTIONS 


1. Let {f,}7-1, be a sequence of real-valued functions on a set 
E. We say that {fa} -1 converge to the function f on E if 


limp soo mM) = f(x) (x EE) 


If (1) holds we sometimes say that {f,}7-, converge 
pointwise to f on E. For if (1) holds, then, for every 
point x of E, the sequence 


{fa (x)= of real numbers converges to f (x). 

2. The sequence of functions {f,,(x)};-, converges to f on 
the set E if, for each x E E, given € > 0 there exists N E I 
such that 


lf) -f< e (n 2 N). 


In general, the number N depends on both € and x. 


14.5 


SUMMARY 


The sequence of function {f,,}7--; converges uniformly to f on 
E if and only if 


lube (x)—f(x)| 20 as n>, 


Let {f, }n=1 be a sequence of real-valued functions on a set E. 
We say that {fn }n-1 converge to the function f on E if 


limn soo mM) = f (x) (x EE) 


If (1) holds we sometimes say that {f,};-, converge 
pointwise to f on E. For if (1) holds, then, for every 
point x of E, the sequence 


The sequence of functions {f,,(x«)};_, converges to f on the set 
E if, for each x E E, given € > 0 there exists N E I such that 


lf) — f< e (n 2 N). 


In general, the number N depends on both € and x. 


Sequence of function 


and series of functions 


NOTES 


Self-Instructional material 


Sequence of function 
and series of functions 


NOTES 


Self-Instructional material 


e Let {fn}n-1 be a sequence of real-valued functions on a set E. 
Then {fa} -1 is uniformly convergent on E (to some function f) if 
and only if given € > 0 there exists N € I such that 

nC) -fOe (nn2N;x EE). 

e Let {f,};-1 be a sequence of continuous real-valued functions 
on the compact metric space (M, p} such that 


AWS sfAh@s-sfG@s- (x € M). 


14.6 KEYWORDS 


Converges uniformly: Let {f,(x)}7-, be a sequence of real-valued 
function on a set E. We say that {fa (x)}n=1 converges uniformly to 
the function f on E if given € > 0 there exists N E I such that 


fp) -fO e (n > N;x € E). 
14.7 SELF ASSESSMENT QUESTIONS AND 
EXERCISES 


1) If {fa} and {g9n}n-1 converges uniformly on E, prove that 
{fn + In}n-1 converges uniformly on E. 

2) Let A be a dense subset of the metric space M. If {fa }n-1 isa 
sequence of continuous functions on M, and if {fa }n-1 converges 
uniformly on A, prove that {fn }n=1 converges uniformly on M. 

3) The uniform limit of a sequence of discontinuous functions 
can be continuous. 

4) If {fm}n-1 iS a sequence of functions which converges 
uniformly to the continuous function f on (—©, œ), prove that 


lin -scofa (x +5) =f) (-00 <x <0). 
5) If (fn) > f and each fa and f are continuous then the 
convergence is uniform. 
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